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INTRODUCTION AND SCOPE

The geotechnical engineer encounters the problem of having to work
with highly variable and complex materials, fhe properties of which are
difficult to measure and often imposéiblé to logically apply fo
scientifically based theories. In the past, much effort has beén devoted
to evéluation of the mechanistic behavior of soils, and the result has
been the development of a wide variety of teét.methods énd theoretical
or empirical techniques dedicated to predicting ulﬁimate strength and
deformation. Approaches to évaluating»engineering properties of soil
might be grouped Into two categories. The more conventional taétic is to
'test :epresen;ative specimens in the laboratory, under well-defined
boundary conditiogg. However, since it has begn observed that ﬁhe act
of taking representative soil specimens can often influence their
properties, in situ testing has recently been eméh#s;zed. Although'
the latter approagh may circumvent difficulties associated with samble
disturbance, ong'set of problems may have been traded fqr'another. In
situ tests involve indeterminate boundary conditions which necessitate a
" theoretical presumption to evaluate the desired parameters. Theories for
soil often involve siﬁplifications not necessarily representative of
actual behavior; thus results of many in situ test methods must be
empirically correlated to perforﬁance.

‘Regardless of the approach, complexity has been the hallmark of
ﬁany of the recent soil testing advances, often rendering them useful to

understanding soil behavior, but ineffectdallwhen éubjected to the



realisms of natural soil deposits. The self-boring pressuremeter
represents the results of an extreme'effort to‘reduce the influence of
sample disturbance through hole relaxation. Getting the device t§ self-
bore in many soils has béen a problem. Laboratory apparatus capable of
applying plane strain énd.truly triaxial goundary conditions have been
'develofed, but their cost and complexity has relegated them to the
position of being research tools, not suitable for prosaic engineering
practice.

. Apparatuses which can provide realistic boundary conditions are
certainly valuable and might evolve into pragticgl tools.‘ However, thé
unqerlying motivation for this research is to p:ovide theoretical and |
experimenﬁal background for test apparatus and‘methodologies'whiéh gré
more suited to dealing with the problem of soil variability. The
variability factor iﬁ.ggqtechniqal_design could in many situations over-
shadow the influence of sample disturbance or éccurately defined boundary
cpndigions. Soil4variab;11ty has not gone unrecdgnizgd as an obstacle
to making valld engineering predictions; however, it has been relegated
the status of an ynquantifiable nuisance, manifested invthe design
process through the "fsastor of safety." Dealing with soil vaiiability
‘means gathering :epetitive dgta, a requirement for which existing tests
and prediction methodéiogies has thus far proven 1nadéqgate.

The primary objéctiye of this fesegrch is to investigate the suit-
‘ability of a test in which stréss and displacémenﬁ measurements are made

on cylindrical soil specimens, subjected to elastic radial restraint.
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The Iowa K-Test (25, 26, 44) is one version of such a test, recently
introduced as a quick method for determining the paraﬁetera required
for many geotechnical predictions. However, the significance of results
is not well-understood.. The intent of this feéearch is to expand upon
previous work by assessing soil behavior testéd uﬁdér such conditions
and evaluating and interpfeting results within the éonﬁext of existing
theories, tests, and prediction methods. Sincg results of this research
are intended to support a solution to the soil variability problem, an
analysis of the significance of this factor in geotechnical design

shall be madevintegral to the evaluatiqn.



REVIEW AND ANALYSIS :OF LITERATURE

Soil Variability

Quantitétive assessment of soil Qariability is a relatively new
‘addendum to geotecﬁnical engineering. Lumb's (43) 1966 publication seems
to represent the first systematic to attack on the variability ﬁroblem.'
A‘total of sixt&-six cpnsolidation tests performed on specimens taken
from a sgndy clay deposit, judgmentally considered a uniform soil,
showed that coefficient of variationm, Cv, for compression index was
‘abouf 25 percent.. Coefficient of variatioﬁ, a dimensionless quantity,
is defined as the sample standard deviation divided by the mean and is
useful for comparing variability of different phenomena. As a point of
reference, the coefficients of Variation for concrete strength is on
the order of 10 percent (64). Others, following Lumb's rather tedious.
methodology, accumulated.siﬁilgr results for many common soil strength
and dgformation parameters. Harr (28) summarized these data. To provide
a feeling for the significance ofvsoil variability, parts of this
suﬁmary are included as Tables 1 and 2. |

Variability in strength parameters for sands and gfavels_are on
the same ordex as for concrete, whereas-cqhesivevsoils display signifi-:
cantly more variation,fwith an upper limit of 85‘percen£. dogfficients
of variation for compresgion index for cohesive soils were found to

range from 25 to 52 percent.



Table 1. Variability of strength parameters, after Harr (28)

Unconfined , '
Frictional Tangent of Compression - Coefficient
‘ Angle, Frictional Strength, Number of Standard of
Material Degrees Angle psi . Samples . Mean Deviation - Variation, %
Gravel X 38 36.22 - 2.16 6.0
Sand X 73 38.80 2,80 7.0
Sand X 136 36.40 4.05 11.0
Sand X 30 40.52 4.56 11.0
Gravelly Sand X 81 37.33 1.97 5.3
Sand X 81 0.762 0.056 7.3
Sand X 50 0.717 0.093 - 13.0
Sand: loose X 14.0
dense X 12.0
Silty sand . X - 82 '0.692 0.096 13.8
Clay: depth, ft. :
5 X 279 28.9 14.2 49.1
10 X 295 23.3 9.6 - 40.9
15 . X 187 20.7 8.2 39.6.

- 20 X 53 18.1 8.6 47.7.
Clay - X 231 13.5 3.6 .29.0
Clay a X - 97 - - 30.0-40.0
Clay shale X - - - 37.0-51.

tilid X - - - 60.0-85.0

till - X - 45.0 16.3 36.1

2Author notes these twonﬁaterials are extreme1y<variab1e'and believes that. these results are
probably close to the upper possible limits of variability for any natural soils.



Table 2. Variability of compression index, afterkHarr (28)

Mean : o Coefficient
Compression Number ' ~ of

» Index, ' of - Standard Variation, %
Material Cc a Samples Deviation oV
Sandy clay .139 66 ©.0354 25.5

Clay: Depth,
ftl . . .

5 - 184 - 108 . .047 25.7
10 167 95 .048 - 28.8
15 159 40 0.048 g 30.1
20 110 20 0.052 47.1
Clay .33 241 0.170 52.0
Clay . 16 314 0.060 39.0°
Clay 0.09 165 0.040 47.0

. aCc -(eo- e)/log Cél), where e, and e are initial and final void
o
ratios and P, and p are initial and final effective stresses.

The significance of this variation to geotechnicél prediction can
be illustrated by considering settlements for a hypothetical situation
using data from Table 2, If the most variable.clay, CV = 52%, comprised
a ten foot thick deposit subjected to a stress increase from 2 to 4 TSF,
settlement computed using conventional soil engineering procedﬁnes (58)
would be 6.6 inches for the mean compression index. Settlements
representing one standatd deviation 6f the mean would be 3.4 inches.

An initial void ratio of,0.8 was assumed for these computations.



Following Lumb's conténtion that the compression index is a normal
variate (43), the probability of selecting a specimen which would pré-
dict a seﬁtlement lying within a specified tolerance range can be
computed from elementary statistics (8). Resuits of such an analysis
are in Table 3. Assuming that consolidation theory is mechanistically
correct, that the net settlement of a structure is the result of an
averaging process, and that a chance selection of a single specimen is
used‘for prediction, the probability of predicting settlements even with
very large tolerances is quite low. If a prediction goal of 6.6 + 1.32
inches were established, a single‘specimen test program would result in
a prediction accurate to + 20 percent‘of the true settlement only about
30 pércent of the timéf For this highly variable material, the only
thing that canlbe>stated with a h;gh degree of confi&ence (e.g. 95
percent) is that the true settlement can be predicted within + 100
percent. A similar analysis was madg for the least variable of the soil
deposits represented iﬁ‘Table 2. However, to facilitate comparison,
the depogit ghicknessvwas taken at 27.7 feet such that mean settlements
for both cases would be identical. Even for‘tﬁe least variable of
deposits for which statistical data are available, the chances of pre-
dicting within a reasonable tolerance is not very high. Predictions
within + 20 percent would occur about half the time.

If the statistical.informafion contained in Tables.Z and 3‘tru1y
represents thé nature of soil, it is not surprising that the literature

abounds with contrédictory reports on the adequacy of prediction



Table 3. Single specimen prediction probabilities

Chance of Specimen Predicting

Tolerance Tolerance Range, Settlement, Percent
Percentage of §+t8
Mean Settlement (inches) CV = 52.0 © CV = 25,5
20 1.3 30 : 57
40 2.6 56 ' 88
60 4.0 76 ‘ 98
80 ' 5.3 | 88 - 99
100 6.6 - 95 99.9

a E = mean settlement = 6.6 incheé.

methods. From the information available, it is apparént that predictions
would be poorest for cohesive soils where a high variability is brobably
due to complex particulate interaction of the clay fraction. This dis

unfortunate because cohesive soils are extremely common.

Mechanical Theory

Convention

A key element to the application of test results to the available
theoretical prediction methods is the mathematical formalization of
stress states producing failure of the relation Océhrring bétween sﬁress
and strain.' ﬁbwever, prior to reviewing theory from thé litefatufe, the

sign convention and nomenclature to be used in subsequent theoretical



developmehts will be defined.

Compressive stress shall be taken as positive and identified in
reference to an orthogonal coordinate system shown in Figure la. The
étress components on the back side of the cube have been omitted for
clarity. Positive shear stresses, designated as f, are also shown in
Figure la,.with the subécripts identifying tﬁé,plané and direction upon
which the stress is acting; Figdre 1b defines the stresses acting on
an axiéyﬁmetric, cylindrical element.v When shear stresses are zero,
normal stress in Figures 1a.and b_shall be taken as: 011 =095 Oy9 = 02,
033 = 03, G? = 01 and Gr =0g = 03. An analogous system shall be used
for strain where normal, €, an& shear, Yy, strains replace_q and T
respectively. vCompressive qtrains are considered positive.

Some of the theories used in'this researcﬁ are‘conveniently ex-
pressed in terms of iﬁdicial no;ation whichvideﬁtifigs étresg'or st:ain
components in terms of ;ettered subscripts taken as l‘throughvS. For

example, represents all of the stress components shown in Figure la

cij.
when the following sqbstitutions are made: Gll = 011, QIZ’:TIZ’ 013 =1i3
etc. The summation convention also inferred by indicial notation is

describéd in reference (53).

Fallure criteria

The failure criterion most commonly applied to soils is one that
states that limiting strength is defined by a unique relation of two
extreme values of principal stresses or that shear stress, T, at yield

is a function of the normal stress, O, acting on the considered plane.
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Functionally, this statement can take the forms

(o -0 =f(cm

max min + omin) cf. Harr (27) ¢))

ax

or
T=f (On) cf. Harr (27) . _ - (2)

known as Mohr's failure criterion. If it is assumed that the relation
between T and cn is linear, then from geometry of Mohr's circle
describing maximum and minimum principal stresses at fallure, the

following relation can be written

01 - 03'= 2c cos ¢ + (61 f 03)'sin ¢ cf.‘Harr (27) (3)

where ¢ and ¢ are parameters referred to as "cohesion" and "angle of

internal friction." An alternative representation for equation (3) is
T=c¢+ o, tan ¢ cf. Harr (27) . . v (4)

_which 1s‘known as the empiricgily derived Coulomb failure criferion.
The Coulqmb criterion represents a speciallcase of Mohr's general
hypothesis. |

Asva matter of convenience, Lambe (39) introduced an alternate
représentation of the Mohr-Coulomb failure criterion through the simple

transformation p ='(01 + 03)/2 and q = (ql - 03)/2 which identifies
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stresses defined by a Mohr's circle with a single point; This conven-~
tion is particularly useful in that it facilitates definition of stress‘
states or stress paths occurring oﬁ an elément as loading progrésses.
Also daté reduction can be made easier in that faildre stresses
expressed in terms of p and q can be‘statisticaliy regressed to define
‘the slope, tan o, and intercept, b, of a line representing the ultimate
strength. 0 and b can be transformed to Mohr-Coulomb parameters by the

following relations
sin ¢ = tan o cf. Lambe (39) (5a)
c = b/cos ¢ - cf. Lambe (39) (5b)

Although the Mbhr-CoulomB failure criterion for many practical -
applicatiéns is a convenient way of fofmulatihg a relatioﬁ for limiting
sgrength, it does have some shortcomings. Harr (27) ﬁeports that
experiments show the intermediate principal stress can influence a
friction angle by as much as 6 degrees. Still another problem is in-
the fact that experimentation reveals that soil strength is a function -
of the hydrostatic stress component. The Mohr-Coulomb failure criterion
can be generalized to include the influeﬁce:of #11 six independen£ stress
components, but the resulting expressions are unwieldy (65). An
alternative yield é:iterion ppoposed by Drucker and Prager (18)‘13 a more
manageable formulation which includes the influenge.of all the stress

components. This hypothesis states that yield is a function of the
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first invariaﬁt of stress and the second invariant of deviator stress
and is.expressed as

=0+ a.J cf. Zienkiewicz and Humpheson (65) (6)

VI, 91

2D

where Jl is the first invariant of stress defined by

J1 =0y, + Oy9 + O34 cf. Zienkiewicz and Humpheson (65) (7)

and the second invariant of deviator stresé,JZD, is

Lo, o2 2., 2 2
Jop =5 (O3 = 090" + (0gy = 039)" + (077 = 039)7 + 1,," +

T 2 +T 2

13 23 ‘cf. Zienkiewicz and Humpheson (65) (8)

p and 0. are material constants. Equation 6 is represented in three
dimensional stress space as a right circular cone, having a diameter
specified by af‘énd J1/3 position along the hydrostatic axis.  For the
special case when O = 0, the Drucker-Pragér criﬁerion reduces to the
well~-known Von Mises failure law. Thus equatibn 6 is frequently referred
to as ﬁhe extended Von Mises critérion; In order that the Drucker- .
Prager and Mohr-Coulomb criterion give identical limit strengthé, Og
and p must be defined as follows

sin ¢ : 3 | (9)

0. =
.f VY3 (3 + sin2¢)1/2

cf. Zienkiewicz and Humpheson (65)
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V3 ¢ cos ¢ :
p = — 3 172 cf. Zienkiewicz and Humpheson (65) .  (10)
(3 + sin” ¢) . ' '

A feature common to all failure criteria presented is that nothing
is presumed about stress combinations'occurringlat levels. below ﬁhose
producing'yield. Thus according to the failure criterion, it should‘bé
possible to reach the yield surface via an infinite number of pér—
missible stress paths. Also for a material behavihg,accoiding to the
failgre criteria, it is theoretically possible to define stress states
at aﬁ infinite number of posiﬁions on the yield surface.

Except for the experimentaliy based Coulomb . law, the failure criteria
represent hypofheses ﬁﬁich_yet require experimental validation. For thé
case where the Coulomb and Mohr criteria correspond, tests are relatively
easy to perform, and verification is ﬁot'difficﬁlt and has been

accomplished many times. The Drucker-Prager g;iter;on has in conceﬁt
ex;l.sted for nearly thirty‘ years, but a review of thé literature reveals
onl& two physical laboratory validations (53) and no practical applica-
tion. The value of the Drucker-Prager critgrion.to tﬁig research lies
in its capaéity to model stresses which contribute to volume change

when used in conjunction with a flow rule.

Elastic constitutive law

| To determine deformations, a relation between stress apd strain must
be established. Although soil is known not to ﬁehave:elastically; it

is cpmmonvpractice to use the two-parameter constitutivgﬂlaw of

elasticity which can be written in indicial notétion as
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ey = T Oy -39 844 cf. Rohani (53) | (11)
where E is Young's modulus defined as

E = Ullel | (12a)
and v is Poisson's ratio

vV = -g,/e; | | (12b)

Both E and v are experimentally defined in a simple uniaxial test.
'Gij is the Krohecker delta which is unity when i = j and zero for i
# 3.

Assumptions 1ead1ng to-equation 11 dictate that the material be
homogeneous and isotropic, and that the parameters'afe constants.
The elastic connection between stress and strain infers a conservative
system in that energy ;nput during loading is recovered upon unloading.
The elastic constitutive law also implies that the principle of super-
position or 1éw of independence of effects 1s valid. This feature is
the key to the derivation.of practical elastic solutions frequently
used in geotechnical engineering. For example, one ﬁgy to develop stress
distributions for useful geometricvconfigurations is to integrate results
from gimpler distributions, such as the Bouissinesq solutions for point
loads, over the desired area.

It has been showﬁ that éoil behavior bears little resemblance to
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many of the requirements of elastic theory (15). A truly elastic
material would respond to stress by 1oading‘and unloading along the
linear path illustrated by curve A in Figure 2, until the yield stress

is reached.

Stress

Strain

Figure 2. Typical stress-strain behavior (after Desai and Christian €15))
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The shape of a stress-strain curve for soil is often ﬁonlinear,‘and
unloadings- occurring at stresses below the ultimate strength produce a
different relation between stress and strain. Depending upon the

nature of the soil, stresses occurring after ultimaté strength can either
remain constant or decrease as shown by branches 1 and 2.

Even with such differences bétween the reality of soil behavior and
the elastic constitutive law, the idealization or adaptations of ﬁhis
idealization is the basis of many geotechnical predictions. One
technique for applying the finite element mgthod is to perform incre-
mental loadings where E and v are taken aé variables, dependent on stress
level and knowledge of whether the material is undergoing a load or un-
load sequence. Comparisons of numerical and experimental regultg have
beehvexcellent (9) which suggest that many éf'the inconéistencies
occurring between elastic theory and soillbehavibr may not be sigﬁifi—
cant when appropriate.adaptations are made.

Plastic potential

~ Plastic theory, developed primarily for metals, makes use of plastic
flow rules which are based on the concept that increments of plastic
strain occurring after yield coincide with the directions pf the |
correSponding stresses accbrd;ng to an instanﬁaneous constant of pré-
portionality. Drucker (17) extended the classic flow ruies of plasticity
theory to account for vqlume‘changes observed for soil. By introducing
the concept of a stable material and upilizing‘energy principles, Drucker

demonstrated that there is a relation between the yield criterion and
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plastic deformation. The result of this analysis is called the flow

rule or plastic pbtential, and can be expressed as

de, P = A=2E-  cf. Rohani (53) (13)
o4 acij .

deijp signifies incfements of plastic strain, f is a functional ex-
pression of the yield criterion, and A is a non-negative constant taking
on values g;eater thaﬁ zero for plastié loadiﬁg'and zero if yield has A
not occurred. The stipulation that the materialnis Qtable means -that-
the stress does not deérease after ﬁltimate strength is achieved, or the
material follows branch 1 rather than branch 2 in Figure 2. This
restriction could make the flow rule invalid for many soils. A
derivation for the plastic potential is provided in Appendix A.

The significance of the plastic potential might best be illustraged

by applying a specific form of the yield function. The extended Von

Mises criterion can be rewritten as
f = @D -0Jd; =P ‘ ‘ (14)

The derivative of f requires the chain rule of partial derivatives

which 1is
af 9 21 . 3g ¥y »
3. . "33, d0,. T 30 . - (15)
1j "1 1y a/.?;D i3 :
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where the derivatives of the components are

= § ' (16a)

- 130, 8,4 -3 (16b) .

= - | (16c)

of

LA

-1 ' (16d)

By substituting equations 16 in 15, a statement for a spécific form of

the plastic flow rule becomes
de, P = A (-a, &, +—2) | , | a”n

The increments of plastic strain tensor given in equation 17 can next
be separated into volumetric and deviatoric plastic strain components

which are

de (18)

vol

PadrPe-3p o
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and

dvi, P = A/2 | . (19)

2D

where -the plastic volumetric'or first invariant of strain is

vol = T1 = €17 F €5y * €44 (20
and the second invariant of deviatoric strain is
1 : _ 2 2 2
Iop =g (€13 = €307 + (65 = €307 + (e - €3 I+
Y 2,.Y 2,7 2 (21)

12 713 T 23

Inherent in the fléw rule, through the derivative, is a normality
condition which indicates that the plastic strain increment, when
viewea as a vector, is normal to the yield.surféce. In terms of the
speéific yield function being used, the correspondence between volumetric
and deviaforic stresses and strains allows the graphical representation
shown in Figure 3. | |

By éign convention, the negative sign in equation 18 means that
according to this model, dilation accompanies yield, with the magnitude
of volumetric expansion being related to Oc. As O approaches zero, the

yield func;ion approaches the Von Mises criterion, and dilation or
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volume change at failure also approaches zero. Since a_ is related to

f
¢, dilatancy would be expected for high friction angle materials.

Figure 3. Stress invariant representation of plastic flow rule

Defining the parameter A in equations 18 and 19 could be a difficult
task. However, it is possible to arrive at a relation independent of A

which will be particularly useful to this research. If‘interest is
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directed only to a relation between the ratio of volumetric and

deviatoric plastic strain, dividing equation 19 into 18.resu1ts in

p
I

p=
T

60 .- (22)

which is independent of A. The increment of plastic strain can be

neglected since the ratio is equal to a constant.

Conventional Laboratory Tests

A segmingly endless array of test methods has been developéd to
measure soill properties. Many were devised to answer specific scientific
questions about the behavior of soil but their operational complexity
makes tﬁem unsuitable for engineering. Since thié is utilitarian
research, the following is a brief review only of apparatus common to

engineering practice. These apparatuses will also be used in the experi-

.mental aspects of this research. Equipment used to evaluate the param-

eters necessary to define failure criteria or constitutive laws are the
direct shear? triaxial and oedometer tests.

~ Direct shear dominated the early work in soil mechanics, probably
because p:imary concern was given to the Cqulomb failure criterion,.
equatiqn 4, and this test provides direct measures of shear strengﬁh
for a giveﬁ normai stress. Coﬁmon versions of a direct shear épparafus

involve a pair of identical rings into which a short cylindrical specimen
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is placed and - a normal stress is applied through end caps. Shear
stresses are induced by pulling one of the rings while the other remains
fixed, until the ultimate strength of the soll is realized. Tests are
petformed on two or more specimens at different normal stresses, pro-:
viding data to determine the constants in equation 4. A common objection
to this test is that the failure.plane is restricted to‘aklimited zone |
and is thought to bias results by eliminatihg freedom of a specimen to
fail alohg natural planes of weakness (27). Otﬁer objections to the.
direct shear test include unreconcilable progressive fallure thougﬁt to
'occuf along the failure plane, inability to use tést results for deforma-
tion-predigtions_becausevprincipal stresses and strains occurring on the
speciﬁen are not defined until shear failﬁre occurs, and inability to
control drainage andAmeasure pore;pressufe (27).

The triaxial test represents a_versatile and widely-uéed research
tool and probably the limit of sophistication for design practice.
Actually the common name for the test is a misnomer because it involves
subjecting a membrane-encapsulated, cylindrical specimen to an all-
around fluid cell prgssqre,_while additional stresses can be applied to
the ends of the speciméns.by a ram acting on an end cap. Thus, with the
cbnditibn of symmetry abéuf the axis, the true state of qtress aéting
on a specimen in a triaxiélAappgrétus is 01 > 02 n 05. The ability to
measure.voluge change and pore pressure, controlidréinagé,_and apply
~ what is thought to bé realistic bbundary streéées, coupled with the

fact that the applied stresses are nearly principal, are undoubtedly
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good reasons for its acceptance as a research and deéign tool. Even
with these factors in its favor, there remains a certain degree of un-
certainty regarding viability of the test, particularly wﬁere radial
deformations are involved. Ehrgot (20) has shown that shear modulus,

a functioh of deviator stress and strain derived from the same daﬁa,

" can vary as much as 102; depending on the treatment of the measurements.
This is because speciméns do not remain cylindrical during a.test,'but
bulgé in the center because of friction between the ends of the specimen
and the rigid loading caps. Any other parameter involving radial strain
depends upoh arbitraryAassumptions about rgdial deformations. Most ex-
perimenters use a fictitious average strain gpmputed from»axial deforma-
tion, vqlumetric measurements, and a presumed cylindrical éeometry,
whilé others use special_apparatus to measure r#diglldeformation at the
specimeﬁ mid-height or at the location of the ﬁaximum bulge.

End restraint introduges other complexitiés in the interpretation
of triaxial data in that rather complex stress and strain distributions
are ;hought to occur within the spgcimen. Observgtions.of compression
tests in many matezials suggest that conical dgad zones in a_comé
pressive state of stress occur at both ends of cylindrical specimens.
Thevremgining portion of the specimen undergoép strains commensurate
with shear stresses (36). This phenomenon has bgen the topic of con-
aiderable research, aﬁd infrequently applied solutions suéh as
lqbricating end;plateﬁs or using spécial fixtures shaped such that

principal stresses actually occur on the contact plane, have been
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suggested (3). In practice, end friction is usually neglected, and it
has been found to have little influence on ultimate strength provided
the length to dlameter ratio of the specimen is about 2. Influence of
end restrainf on volumetric behavior may be another matter. Commo;
practice is to assﬁme that gross voluﬁetric measurements made with‘con—
ventionai apparatus prbvide an adequate measurement of soil behavior. -
The oedometer or consolidation test apparatus involves compressing
a short, cylindrical soil specimen aldng its axis while lateral deforma-
tion is held at zero by a stiff confining rihg; Porous stones allowing
drainage are placed on the top and botfom of the specimén, and timgd
deformation meaéurgments;are taken during application of constant load
levels. - The objedtive‘of the test 1s to gimulate the time dependent
deformations resulting from pore water being forced from the soil, and
.the results are consiétent with the well-established consolidation
theory proposed by Terzaghi (59). This is probably the'most widely used
test for predicting settlements, but.it has been criticized on the basis
that it does not accuratgly reflect boundary stress conditions thought
to prevail under realistic geometries and 19ads (40). Ihe condition of
no lateral deformation within soil deposits is considered to exist when
uniform stress'is applied over a very extensive hrga. »The lateral defor-
maﬁion due to the applied stress on an element in a deposit is counter- '
acted'in equal amounts by the same vertical stress acting on its
neighbo;. When load acts over a finite area, as would be the case with

a foundation, lateral displacements occur within the deposit, giving
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rise to vertical deformations which are not meagurable with the
éedometer. |

| In addition to the above criticiqms of conventiénal testing, another
important objection is the expense of performing these tests, a factor
particularly important to defining soil variabiiity. As an example,
the conventional technique for defining c and ¢ in the Mohr-Coulomb
failure criterion is to fail a number of individual specimens subjected
to different constantvconfining dt norﬁal stresses,ﬁdepending upon
whéther.a griaxial or direct shear appafatus is used. A typical triaxial
test program expressed in terms of Lambe's stress pgth is illustrated .
in Figure 4. Data ﬁsed for this examéle are for a natﬁr#l glacial till
and should provide an indicatibn of the problems introduced by soii .
variability. Since the cost of‘retr1e§ing and testing iaborator&
specimehs is high, a test program aimed at defining strehgth parameters
is frequently 1imit¢d to testing 3 or 4 specimens. Depending on drain-
age conditions, such a program could occupy a tecﬁnician from one to
several days. Thus,the five points used in this example represent a
fairly extravagant program for a single so;l. By normal regression _
techniques, the parameters b and o or their.transfo;mations_c and ¢
define expected values for shear éttength at different stress, and the
squared correlation coefficient, R?, indicat.es that the linear model
gglected explaihé only 61.1 percent of the observed variation. Soil
variability accounts for the remaining 38,9 pefcent; The statistical

value of the resultant regression can be expressed in terms of the 90
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percent chance of falling between the established limits (8). 'Pré-
diction intervals differ from the more commonly used or misused con-
fidence bands which merely address the chance that the true mean is
containéd in some intérval. Obviously, the width of the prediction
band suggests that in a statistical sense, very<1itt1e 18 known about
the failure criterion for this soil. | |

An alternative for defining failure criterion which could improve
statistical knowledge of the material takgs advantage of experimental
observations suggesting that failure conditions are relatively independent
of the stress path. Ladd (37) has shown that the failure condition or-

£
dashed line in Figure 4. This experimental observation is consistent

K. line can be.defined'by stress paths such as the one shown by the

with failupe critéria because; as previously meqtioned, they place no
stipulafion on stresses occurring prior to the iimit con&ition. 1f
this is true, it seems possible that ultimate strength criterion could
also be establighed ﬂy defining sévéral points occurring on the failure
line from'a singie specimen. The obvious advantage of such testing is
that moreldata could be realized for about the same cost as a single
point derived by the conventional method. Statistical implications
are that failpré parameters could be defined without the influence of
sample va:iability,'and variation occurring in a test would be due to
measurement which with gdéquate apparatug should be smalL. Stat}stics
of regression involve an éntity called degrees of freedom which means.

each parameter of a model describing a phenomenon reduces the information
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Figure 4. Conventional triaxial results for natural glacial till

available to cope with uncertainty. Thus,for a two-parameter regression
on five data points only three points or degrees of freedom remain to
define §ariability, and the frediction interval is wide. If b and o
could be defined with numerous measurements frém each specimen, the
statistics would involve individuallvariafion for five b's and five

a's, each having four degrees of freedom. For small numbers of
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specimens, a single degree of freedom is very significant. Testing
along the Kf line also implies that each specimen has the potential of
developing characteristic limit strengths defined by its own failure
parameters rather than conditions such as normal or confining stress,
arbitrarily set in the laboratory.

Although Kf tests seem a loglcal way to improve upon the knowledge
of ultimate strength parameters, a single experimental study verifying
this approach seems to represent the extent of research effort in this
area. Flemming (21), using conventional triaxial apparatus, made a
comparative study on laboratory specimens. A staged test was performed
by loading a specimep a;‘éonstant confiniﬁg stress until:the axial
stress reached a maximum. The process was repeated on the same specimen
for severdl levels of confining stress, and it was found that cohesion
compareﬂ to within 0.25 psi and friction angle to within 0.2 degrees.

Both the differences are well within the range of normal test precision.

Prediction Methods

Geotechnical engineering covers a wide variety of prpblems,
usually involving ultimate load and deformation predictions. Since the
intent of this research isvto evaluate and déveloﬁ a test ﬁethod that
defines design parametérs while allowing for assessment of soil vari-‘
ability, a review of the prediction methodologies-tb which such test

results are applied seems appropriate. To keep the review manageable,
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it will be limited to a single but‘very practical case of design for
shailow building foundations.

In nearly all instances, prediction theories used in geotechnié#l
enginéering are highly i&ealized. Many phenoména known to exist both
in the laboratory and the field are neglected becauée ofkcomplexities.
introduced to theoretical derivgtion. Fortunately absence of‘rigqrous
solutions has not precluded adequate designs, and success of many im-
perfect theoreticél solqtions 18 due eithér tovinéignificance of un-
reconcilable factors or eﬁpirical adjustmenté based on prototype
observations. A good examplg of this combined‘:heore;ical—empirical
process is the bearing ;gpacity equation which ﬁas its roots‘iﬁ classical

plasticity theory.

Bearing capacity .

Working from a solution develoﬁed by Prand#l and Reissner for the
ultimate resistance of a two dimensional punch acting on a Mohr-Coulqmb
material, Tgrzaghi (59) formulated a model forbultimate foundation
bearing capacity by includ;ng the‘weight of soil. Tﬁe basic solution
involves the assumption that soil is a rigid elastic-plastic material,
and that thé ultimatg bearing capacity is dictated by a geometric
failute pattern consisting of three zoheé shown in Figure 5. Zone I'is
taken as an a;tive Rankine zone which pushes the Prandtl zone II side-
ways, and the passive Rankine zone III in an upward direction. Implicit
in thié model is the fact that all of the soil éontaiﬁed”within the

rupture‘zone is in a state of plastic flow when the ultimate bearing
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resistance, 9, 1s reached. The geometry and extent of the rupture
surface is defined by the friction angle of the soil interface, friction
occurring at the footing base, and the footing width.

According‘to Vesic (63), Buisman and Terzaghi are responsible for
placing the bearing capacity solution in a workable form by reasoning
that the ultimate capacity could be expressed as the sum of resistancé
components involving cohesion on the rupture,sugface, surcharge stress
caused. by the soil lying above the base, and weight of the soil within
the rupture zone. Thus the ultimate bearing stress can be expressed as

q, = N T + quz; q” % YB,YNY cf. Vesic (63) ~(23)
where Cc’ ;q and ;Y are shape factors wpich wi;l be discussed';ater,'
¢ = cohesion, q = surcharge stress, Y -‘unit weight of soil,'and B =
foundation width. The dimensionless parameters Nq.and Nc.are bearing
capacity factors which were determined gnalytically by Prandtl as

beiné

N, - L203/4m = ¢/2) tan ¢,y 2 @+ $) cf. Vesic (63) (24)

Nc = (Nq = 1) cot ¢ cf. Vesic (53)‘ ' | (25)

NY is also a dimensionlesslbearing capacity factor which can only be
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evaluated numericélly and according to Vesic (63) 1is very sensitive to
the angle defining the zone I wedge. Extreme‘boundary conditions : : .
occurring at the-foundatidn'base are shown in Figure 5. For a peifectly
rough surface, Terzaghi ihdicafed that the wedge éngle is set by the
frictional resistance of the soil. .Smooth footing geometry assumes
principal stresses at the footing base, and the zone I wedge angle
defines the sutface upon which the failure stress will occur according
to the Mohr-Coulomb criterion. 1In reality, boundary conditions at the
footing base are neither smooth nor rough,.and experimental studies

done by De Beer (13) indicate'that tegardless of base friction, thé
actual angle and bearing capacity are close to that predicted by the
frictionless case. This might be because relative displacements at

this bqundafy are smali~enougﬁ such that appréciable fric;ion is not
mobilized. Thus,for design purposes NY is us#ally Eﬁsed on the friction-

less boundary condition and can be abproximated by the following

relation

NY = Z(Nq + i) tan ¢ cf. Vesic (63) (26)

The mathematical difficulties aésociatgd with solﬁtions for
foundation shaﬁes othei ﬁhan that of an infinitely long strip are
apﬁreciable. Only a few geometries have been analyzed, and the
proposed éolutions are at variance with expefimentél reédlﬁé. Thus, a

workable approach to accounfing for bearing capacity éf:rectangular,
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clircular, and square footings has been modification of the basic bearing
capacity equation by geometric shape factors. Based on extensive experi-

ments,Vesic (62) and De Beer (13) recommend the following relations

. .
Ly = 1+ (%) ﬁi' cf. Vesic (63) (27)
g =1+ @ tan¢  cf. Vesic (63) (28)
Ty = 1-0.4 (%) cf. Vesic (63) B (29)

where B = footing width and L = footing lengtﬁ. For circular footings
B and L are identical and are taken as the diameter. |
Fortunately for practicing engineeré, be;ring capacity failures are

not very common. On the other hand, this is unfortunate in that
information about prototype failures is not available, and most of':he
informaﬁion regarding the accuracy of bearing‘ﬁépacity theor& comes

from relatively small scale model studies. Based on these studies,
Vesic (62) found that when soil fails in general shear or through
development of limiting shear resistance defined by the geometry in

Figure 5, the bearing capacity equation tends to be slightly conéervae

tive but accurate to within about 10 percent. When viewed in the

context of safety factors of 200 to 400 percent which are applied for
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soil variability, the imprecision of bearing capacity theory is not
very significant. |

A questionable aspect pf bearing capacity theory arises when a
foundation is supported by a highly compressiblé soil. Under these
circumstances, a phenomenon called local shear occurs and soil com-
prising zones I and II in Figure 5 undergoes volumetric decrease such
that the passive resistance from zone III is not developed. Comparative
load-deformation behavior for local and general shear casesiare shown
in Figure 6. For géneral shear a definitive ultimate strength is
achieved, yhereae loca; shear 1s characterized by a continuous increase
in load capacity, probably representing stiffeningvand increased
étrength<by‘virtu¢ of dgnsificatign. Terzaghl (59) recognized this
phenomehon and to‘satisfy the immediate needs of engineering practice
proposed the use of the basic bearing capacity equation, but with re-
duced strength parameters. Meyerhof (46) established a set of empirical
local shear 5earing qapacity factors to be used when the soil meets
certain requirements for relative density or sensitivity. Vesic (63)
reports that such empiricism does not hold for‘all soils and loqd
geome;ries, and that a.;ational approach to this aspect of bearing
caﬁacity does not exis#. However, for building design, it might be
possible that bearing capacity analysis for loéal shear is not necessary.
Féilures assoc;ated with local shear may not result in Catast;ophic
collapse or instability, in which case the governing design.criterion '

may be settlement. The form of the load-settlement curve in Figure 6
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suggests that establishment of an ultimate beariﬁg capacity may in
reality represent limits on settlement.
Settlement

Settlement prediction'methods available to the geotechnical
engineer range from thé elaborate finite element method which demands
comprehensive test data defining’complex relationships between ﬁaterial
propérties, to the more widely used conventional techniques which rely
on fragmeﬁts of theory énd less testing. As pfeviously mentioﬁed,-the
finite element'meghod is very accurate when the material is adequaﬁely
defined (9). However, this accur#cy has been proven only for model
stﬁdies where soil variability has been well-regulated. As variability
has ‘been demoﬂatrated as being a very signif;cant factor, attention will
be given to the qonventionél prediction methods for which testing is
simpler and colléction of repetitive dat# seems more plausible. In the
conventional context, settlement occurring beneath a shallow foundation
is often viewed as being separable into three components (30). Initial
settlement is coﬁsidered independent of time and is attributed to com-
pression qf air in voids and distortion of the soil mass. _éonsolidation
settlement is due to the'time-dependent flow of pore water andvthe re-
sultant decrease in volume. The third settlemen; component ig called
secondary compression and is thought to involvevthe time-depegdept adjust~
ment of soii structure under constant effective stress. Secondary
compression settlement is often a small fraction of the tbtal settlef

ment component and is frequently neglected in engineering estimates,
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vAlthough'there is no reason to sﬁspect that settlemnent resulting from
the compohents occurs independently, design‘cénvenience 18 realized by
adapting theories and physical tests to the~par£s.

Prerequisite to estimating any of the settiement components by‘
conventional methodology is knowledge about sfrees 1evgls occurring :
within the soil mass. Even though soil is known mot to be an elastic
mﬁterial. the availability of elastic solutions for problems having
boundary conditions ﬁhich corréspbnd qpproximatély to those for soil
engineeriﬁg pr&biems. and the lack of anything better.lhave promoted the
use of elastic theory. A landmark study aimed at evaluating the validity
of elastic theory was performed at the U.S. A;my.Waterwaya Exégriment
Station (22, 61). It was found thag for fine-gfained, cohesive soils,
elastic stress diat:ibutions beneath a uniformly loaded circular area
corresponded to within 10 percent of me#aured»valuea. rﬂowevé:, the
same theory applied to.éredicting deformations from constant~confining-
stress triaxial test results on carefully prepaigd laboratory specimens
predicted far greater settlements than were observed. The apparent
validity of one aspect of elastic theory and nét thé other might be
explained by considering_results for the‘apprppr;ate elastic solutions.
The vertical and radial stress occurring beneath'the center of a -
uniformly loaded citcula:‘area, acting on a héﬁogeneoue half space is

given by the equations

- ‘ - 1 |
o, ™ g, = q, l - 3732 cf. Harr (?7) (30)

(ale)? + 1)
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2(1 +v) 3

+ z
(a2 + 22)1/2 (a2 + z

qs
0, =0y=5 14+ 2v) -

2,372 (31)

cf. Harr (27)

where q, = surfacg stress:‘z =.depth_below the loaded area, and a =
radius of the loaded area. From equation 30, it can be seen that
verti?al stress distribution is only a function of geometry and is not
influenced by material properties. Radial stress distribution'invpkes
Poisson's ratio but agreement with experimental results reported in
references 22 and 61 was realized only after #djusting V. Vertical

displacement., Gv,

for the same geometry is given by the equation
2a qs~(1 - vz)

Gv E

cf. Harr (27) (31a)

which depends on both E and v. Elastic theory appears to work‘well for
predictions which do not involve material properties but is of
questionable value unless an appropriate assessment of E and v is
possible. The Waterwayé Experiment Station work was done prior to the
realization the E and v for a soll are not constant but depend on
stress. Thus,attempts to use the elastic paraﬁeters from constant con-
fining stress triaxial tests without appropriately dealing with the .
problem of stress dependency resulted in sizable errors. For some
prediétions all that is required from elastic theory is the vertical

stress distribution. In these situations, the 10 percent accuracy is
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probably adequate.
Because of the inaccuracy of predicting initial or distortionall

settlements with laboratory tests and elastic theory, attention has
been focused on empirical modifications of basic elastic cheory. A
common approach is to assume a value for 9 and Béck-compute values for
E using equation 315 an&_data‘from field load tests or observed founda-
tion settlements. Back-computed values for .E are then correlated to an
easily measured property for future predictions. Unconfined compression
strength, q,» seems to be the most w;dely used correlative parameter.

Perloff (50) reports the following relation as being appropriate

E = (250 to 500)q_ " cf. Perloff (50) (32)

while British inﬁestigators (7) recommend a multiplier ranging betwecn_
140 to 150 for soils occcrring near Londoh. Unless the multipliers can
be calibrafed for a specific depcsit, this technique can obviously
result in a wide range of settlement predictions. A more complex meth-
odology for estimating initial settlements has been proposed by
D'Appolonia, Pouloé, and Ladd (12). This method includes the influence
of local yield by using conventional elastic theoryAtogether with a
'series of elastic-plastic finite element solutions for idealized soil
profiles and geometriec. However, an essencial element of this analysis
is 8t111 an empirical correlation bctween back—computed values of Euand
undrained shear strength. For the three clays uced in the correlation,

this prediction method worked quite well. The original paper appears
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to represent the only application.

In many saturated soils, consolidation represents the most
significant component of total settlement. An analysis proposed by
Terzaghi (59) is the mainstay of engineering practice and offen re-
presents the full extent of settlement evaluations. Although somewhat
time-consuming, conduct of the test is simple. A specimen placed in an
oedometer is subjected to different levels of constant stress. During
the application of each stress level, vertical deformations are measured
with respect to time until pore pressures are dissiﬁated; Since the
oedometer is not suited for pore pressure measurements, effective stress
is defined by graphical manipulation of time-deformation plots. Results
of this test are traditionally presented as a plot of void ratio versus
the logarithm of effective vertical stress qz'. A more recent trend has
been to replace void ratio with axial strain. Typical results are
shown in Figure 7. Consolidétion settlement, Gc’ can be graphically
estimated by reading ﬁhe change in void ratio associated with a stress

increase computed from elastic theory, and the relation

e, - e,.

2 i ' ‘ : :
6c = H (—%quza? cf. Spangler and Handy (58) (33)

where H is the thickness of the compressible layer and e, and e, represent

2
the initial and final voild ratios. Alternatively, the slope of the
stralght line part of the e - log cz' plot can be reported and used to

determine the void ratio difference in equation 33. This slope is called
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the compression index.

The semi~logarithmic plot of void ratio versus effective vertical
stress has been the subject of much evaluation and speculation. The
deformation behavior of a soil relative to the maximum past effective
stress has been found~to correspond to the shape of different parts of
the curve (30); Thé straight line paré of the laboratory consolidation
curve represents stress levels in excess of those to which the soil
specimen has been previously subjected, while curvature is thought to
represent reloading of a specimen having been'subjected to the unloading
process associated with sampling. Several empirically suﬁstantiated

.graphical techniques have been proposed for determining the maximum
past vertical stress, which occurs in the vicinity of the knee of the
laboratory curve. Where the maximum past stress exceeds the existing
overburden pressure, the material is said to be overconsolidated. Over-
consolidation is frequently observed and is attributed to such factors
as glaciation, removgl of overburden; or development of internal
stresses by desiccation. In terms of design,.this merely means that
thg nonlinear part of the curve is used to estimate the change in void
ratio for a given stress increment.

A factor considered more important to settlement predictions is
the influence of sample disturbance. Field sampling, extrusion,
trimming, and inserting the specimen in appargtus.does to some unknown
degree alter the fabric and the stress~strain behavior of a soil (30).

Figure 7 shows changes inferred for consolidation curves as disturbance
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increases: the compression index tends to decrease with disturbance,
hence underestimating settlements, and the point of ma#imum curvature
becomes obscured. Schmertmann (56) studied the influence of sample
disturbance and proposed a graphical procedure for reconstruction of

the fleld consolidation curve, the validity of which is difficult to
evaluate beéause the position éf a true field curve is unknown.

The e - log cz' curve in Figure 7 represents a stress-deformation

- relation that supposedly occurs after pore pressures have dissipated

to zero. Terzaghi's (59) most significant contribution to consolidation
_theory is the development of an analytical procedure describing the

time it takes for the consolidation procedure to occur. A detailed
description of the rate theory will not be presénted here, but the
essence of the development involves the aésumption that fluid in a
saturated sqil flows in one direction adéérding to Darcy's law when
stress is applied. The rate theory is based on a solution tb the one-
dimensional diffusion equation in which pore pressure and position are
the variables. The settlement at any time is estimated from the propor-
tion of pore pressure dissipated. |

Janbu (35) proposed an alternative method for estimating settle-~

ments. This scheme.uses data from the oedometer test but stress-strain
properties of the.material are expressed in terms of parameters more
.consistent with class;c mechanics. The tangent modulus, Mt’ representing
the slope of an arithmetic axial stress-strain curve, is formulated in

terms of the following power function
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cz' 1-0 ' _ :
Mt = m ' pa (-I—,a—-) cf. Janbu (35) » (34)

where m = modulus'number, W = gtress exponent, cz' = axial effective
stress and P, = reference pressure Introduced to keep the parameter m
dimensionless. One-dimensional étress-strain behavior is quantifiébly
’ categorized by @ which can range from O to 1. For w = 1, the modulus
is constant, meaning a linear stress-strain relation and as defined by
Janbu, an elastic material. Rock, overconsolidated clays, and highly~
éemented soils have been found to fall in this category. The other
extreme, W = 0, characterizes normally consolidated clays and means
that an arithmetic plot of stress versus strain is exponential. Inter-
mediate values for w are for sands and silts which algo display non-
linear stress~-strain behavior but to a lesser degree than the w = 0
case. Having a functional expression for the modulﬁs, Janbu.suggegts
thaﬁ settlements be computed by integrating strain over the vertical
extent of fhe deposit. He went one step further and devéloped a
simple one-dimgnsiona; vertical stress distribution based on a polynomial
decay of vertical stress with depth. |

In an attempt to include both the distortional and consolidation
settlement components in a unified procedure, Lambe (38) 1ntroducéd the
concept of performing tests in which field boundéry stresses are simu-
lated iﬁ the laboratory. This procedure presumes that the in situ
stresses, acting on a represgntative specimen can be reconstituted by

following stress paths defined by the zero lateral strain condition.
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Once in situ stresses have begn reconstituted, vertical strains,
resulting from stress pathé dictated by the ratio of superiﬁposed
radial and axial stresses from elastic theory, are used to evaluate
settlement. The triaxigl apparatus 1s used to perform thesé stress
path tests, and'the superimﬁosed stress ratio requirements, K = or/cz,
are taken from positions beneath the structure énd on an axis of
symmetry such that theoretical boundary stresses correspond to the
principal stress conditions of the teét. This means settlement predic=
tions aré keyed to specimen performance subjected to boundary conditions
representing a small fraction‘of the soil supporting the strdcture.
Figure 8 is a schematic p~q representation ofva stress path
settlement analysis where the principal stresseé in the test correspond
to the veréicél and ho;izontal‘orientations of the sﬁecimen relative to
field orientgt;pn. K.o reprgsents the ratio of 03/0l developgd when €4
is maintained at zero. The line labeled Ko is the ;tress path re-
presentition of such a test which is very difficult to perform in a
triaxial apparatus. Thus, Lambe and Whitman (41) suggest that in situ
stress conditions be determined from the following empiricgl relations

for at-rest earth pressure
K, =1-sin¢ cf. Jaky (34) ‘ (35)

K, = 0.95 - s8in ¢ cf. Brooker and Ireland (6) - (36)
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4=(0; -069)/2= (g, - ch)/:z

P= (o +05)/2 = (0, +q,)/2

Figure 8. Typical stress path settlement analysis

Equation 35 is fér cohesionless soil while equation 36 represents at-rest
conditions for cohesive materials.

Equations 30 and 31 are the elastic solutions frequently used to
define the stress ratio conditions fdr the settlement phase of the test.
This phase is fépresented.by vectors originating at the Ko stress path
in Figure 8. Since the superimposed stress ratio, K = 03/01, is a
function of position or z, an infinite number of boundary stress
conditions is possible, approximated in the stress path method by
éeﬁeral tests. Settlements are computed by summing deformations

occurring at several points within a deposit., ‘To clrcumvent the
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multiple test requirement, Lambe (39) suggests using an average element
selected from a position such that settlement from this single element
is equivalent to that produced by the multi-element anaiysis. Location
of the average element was determined experimentally as belng located
at a depth 1.5 times the radiﬁs. Evidently Lémbe does not consider
this position critical, because in applications presented in refereﬁces
38, 39, and Ai, the average element was selected at a single radius
depth. |

Lambe and Marr (40) contend that either initial or total settlement
can be evaluated with the stress path method by controlling the draingge.
qu initial settlemenés, the test would be performed rapidly and with-
out drainagé. However, from a practical view, it seems the time required
to run tests simulating thé pore pressure dissipation of consolidation
could be phenomenal. Pore pressure dissipation for the thin oedometer
specimens of some soils takes days. Acéording to Terzaghifs theory,
pore pressure dissipation varies with the square of the distance to a
free drainage surface (58). Achieving zero pore pressure in the
longer triaxial specimens should increase the test time by a factor of
five or more. Eveﬁ in its most convenient form where initial settlements
are evaluated by rapid, undrained loading, thg,stress-path test is
still rather time-conshmihg and requires a degree of operational
sophistication which is not frequently available in working laboratories.
Iﬁ_the autﬁor's experieﬁce, it takes 3-4 hou:s to run a single test,‘

during which time, continual computations and cell pressure adjustments
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must be made to maintain the appropriate stresses.

Another disadvantage of the procedufe is in the fact that ¢, v,
and the footing dimensions should be known prior to performing a
stress path analysis. Measur;ng ¢ so Ko can be defined is itself an
expensive process. V 1s seldom measured and is usually estimated at
0.5, and the footing size often is the objeceive rather than a starting
point of the investigation.

One factor censistent with all of the available prediction methods
is that they are to some degree inconsistent with theory and at best
represent approximetions of the.actual phenomenon. A straightforward
methodology for assessing the value of these approximations is to
compare predictions with prototype performance, and to this end the
literature abounds with seemingly contradictefy results from case
studies involving the more common prediction techniques. In view of the
potential for soil variability, it is not unreasonable to expect that
isolated evaluations will produce contradictory results, which say
little or nothing about the mechanistic validity of the method. How-
ever, when viewed_ae a whole, a pattern might emerge.

One way of assessing the validity qf settlement predictions and
the associated variability is to consider‘several prediction attempts
and treat the error or difference between obserﬁed and predicted
settlements as a statistic. If the phenomena underlying settlement
parameter variability are described in sum by a normal distribution,

the process of predicting settlements should_also be described by the
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same functipn. Also, if the prediction technique or theory»is valid,
the mean of the normal frequency distribution of errors should be zero.
One statistical technique for detecting normalcy ié through use of.
"rankit" ﬁlots (55). The basic idea comes from ﬁhe notion that when
taking a sample from a normal distributidn and fanking the observations
from smallest to largest, there will be certain values which, on the
average, one would expect each of the ranked observations to attain.
Thus, "rankits" are defined as the expected values of h'ordered observa-
tions for a random sample of size'ﬁ.from a standardized normal popula;
tion. If the sample in fact comes from a normal population, a plot of
the variable versus "rankits“ is # straight line._ The mean is defined
by the value of the variable at the intersection of thg straigﬁt line,
and.the zero rankit and staﬁdard deviation is defined by the slope of
the line. In eséence, rankit plots accqﬁplished‘the same thing as a
probability plot but are more sqited to computer analysis.

Figure 9 is a rankit plot‘for error obse;ved in 46 attempts at
predicting settlement using Terzaghl's consolidation theory for soil
deposits occurring in Europe and the United Stgtes. Prediction error,
defined as the difference between observed and estimated settlements,
divided by the observed settlement, was computed such that negative
values indicate that the test under-predicts :true settlement. The
data were taken from five sources and represeﬁt.éredictibns in both
normally and overly coﬁsolidated saturated.clays. vThe linearity is.

evidence that settlement prediction error is a random process described
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by the Gausaian probability distribution function.

| Table 4 is a summary of similar analyses performed where adeéuéte
data was available on other prediction techniques. An indication of
normality is expressed in the correlation coefficient, R, from the
regression of error on "rankits"f On the average, the conventional
cohéolidation theory underpredicts settlement by about 22-percént. This
is consistent with the logic that the settlements resulting from dis-
tortion. are not included in the oedometer analysis, and that sample dis-
turbance does to some unknown degree tend to reduce the compression
. index.v Although Janbu'é method also involves the oedometer, a series of
17 predictions indica#e a 8.9 percent overprediction on cohesionlgss
solls. Th;s pqsitiye efror might be the result of Janbu's modified
stress distributiop or systematic error introduced.iﬁ reconstituting
the cohesionless specimens to field_conditions. This can'Be doﬁe'on
the basis of void ratio or relative density but the‘field values are
seldom knoﬁn. Janbu (35) was not clear about how this was accomplished.

The value of empirical methods for estimating initial settlement

with modified parameters and elastic theory is demonstrated in case
III in Table 4_by a series of case studies 6n materials occurring near
London. Here the factor in equation 32 was taken as 140 and fhe
resulting mean prediction'error was very close to zero. On the otper
hénd, case IV 1ilqstratés the danger of empiricism. 'Tpe case III
calibration was used, but for heavily overconsdlidated,soilé, located
ip Canada. The result was to increase the prediction error ﬁo nearly‘

27 éércen;.



Table 4. Analysis of settlement predictions

Mean Standard Exrror
a Prediction Deviation Range b :
Case Analysis n Error, % y 4 y 4 R Soil Type References
I Terzaghi 46 ~22.4 54.8 ~100 to 57 0.99 Normally and
One- , overly con-
dimensional ; - _ solidated 2, 11, 14, 49,
consolidation : cohesive 54
11 Janbu 17 8.9 16.0 -11 to 44 0.97 Cohesionless 35
Tangent
Modulus
IIT Empirical
Elastic . :
Theory for ' Cohesive
Initial over-~con-
Settlement 27 5.0 -17.9 -40 to 40 0.98 solidated 7
v Empirical Cohesive/
Elastic ' ' Highly Gver-
Theory for ’ consolidated
Initial _ : Glacial .
- Settlements 6 26.6 26.4 -7 to 72 0.94 Deposits 7

2h = number of prediction attempts.
b

R = correlation coefficient.

119
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‘An attempﬁ was made to include Lambe's stress path technique in this
analysis; however, &ata were available for only one field evaluation.
Moore and Speﬁcer (47) report that the stress path method underpredicted
settlement by 54 perceﬁt. However, in view of the influence of soil
variability, this erro; does not mean very much nor does it represent
a falr evaluation. This single example could easily be from thg fringe
of the distribution. The fact that very few field evaluations have been
reported using a prediction technique which has;been available for over 17
years, may speak to the practicality of the épproach. Incidentally,
Lambe's work involved no field evaluationms. |

This analysis serves to illustrate some of the difficulties en-
countered in assessing the accuracy of predict;on.methods. In contrast
to bearing capacity theory, where some deg%ee of validation has been
realized through carefully controlled model studies,,the assessment of

settlement prediction techniques has been left to happenstance and

subject to the whims of material variability. Since mﬁch setﬁle-
-ment predictioh involves cohesive soils, the indication that
consollidation theory underpredicté settlements by an apprecigble.amount
is adequate justification for improving the test. However, if the
impfovement xesults in proéedgres so demanding that they cannot be

applied, little is gained.

Reliability Analysis

From the information thus far presented, it may be assessed that

soil variability is a dominant factor in settlement predictions and
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should be equally important‘to ultimate stréngth evaluation. If.the
problem of material variability is to be solved by providing better
knowledge through improved tests and prediction methods, a systematic
means of incorporating such information iﬁ design would be useful. 'In
other engineering fields, variability has been included in the design
process through a methodoiogy called reliability analysis.

Reliability analysis had its beginnings in the aircraft industry
during the eérly 1940s, and a few years later was introduced into
structurai engineering by Freudenthal (23). In concept, reliability
analysis is quite simple. It involves measuring uncertainties associlated
with étrengths and loads on structural components by statis#ical methods,
_and the evaluation of performance in terms of failure pirobability.
Detérministic desigﬁ'lumps inevitable uncertainties into the rather
nebulous doméin cailed engineering experience,lcommon sense, or theA_
safety_factor. Reliability analysis offers é more precisé scale, amenable
to communication and systematic refinement. It'also acknowledges the
reality that a finite riék is assoclated with any design. |

One impediment to the application of reliaBility analysis is
deciding on acceptable failure probabilities. Even»if accurate un~
certainty measurements and the consequent reliability assessment are
available, a specific failure probability is of 1itt1e value unless it
is assoqiated with a viable térget. Where the cost qf failure can be
stated, schemes such as:one proposed by Turkstra (60), ﬁbere total cost

of a structure and failure are optimized, can be used to arrive at an
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acceptable probabilistic target. More frequently fhe conéequence of
structural failure involves loss of life. Assignment of monetary value
to life is exceedingly complex and not considered morally justifiable.
Thus the approach used to establish realistic, acceptable failure
probabilities in structural engineering has been to use fatality rates,
assoclated with other soclally accepted activities, as reference points.
Mac Gregor (45) summarizes the decision process which has led to the
criterion that étructures should be designed so the probability of
failure is 10-5. In fact, this criterion i1s the design goal in the
current American Concrete Institute (ACI) reinforced concrete building
code (1, 64). Forlease of design, the rather gomplex reliability |
analysis has been simplified throﬁgh the use of partial load and
strength factorsAwhich when used iﬁ conjunction with expected or mean
valués,‘produces a probability of material understrength on the order
of 10-2, and a 10~ chance of overload.

Although a few excursions into reliability analysis of geotechnical
problems are reported in.the literature, most gnd up generating failure
probabilities with ;ittle being said about their significance. Hoeg
and Murarka (29) evaluated a gravity retaining wall, Harr (28) a footing,
and both find a safety factor of 3 correqunds_to a 1/100 chance of
failure. Other than questioning the relatively high_risk associated with
what is commonly considefed to be an adequate safety factor, nothing
firm ﬁas concluded about these results. Thus, the state-of—thé—art in

geotechnical design centers about the safety factor for bearing capacity
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design and a guess for settlement.

Vesic (63) qffers rather detailed guidance for the application of
safety factors‘to ultimate bearing capacity. These suggestions, re-
produced in Table 5, indicate that the safety factor depends on the
type of structure, the conséquence of failure and ;he thoroughness of
soll exploration. Most of the criterig seem reasonable except for
dependence of safety factors on soil exploration. Table 5 suggests
" that the nature of investigation rather than the variabili£§-that might be
discovered, dictates the safety factor. Also the integer safety |
factor values surely camnot represent the intergrades of soil variability

possible in nature.

Table 5. Minimum safety factors for design of shallow foundations
after Vesic (63) '

Soil Exploration

Characteristics Thorough,
Category Typical Structures of the Category - Complete Limited
Railway bridges Maximum design
Warehouses load likely to
A Blast furnaces occur often; 3.0 4.0
Hydraulic ~consequences
retaining walls of failure
Silos disastrous
Highway bridges Maximum design
Light industrial load may occur
B and public occasionally, 2.5 3.5
buildings consequences
of failure
serious
g - Apartment and Maximum design
C office load unlikely. - 2.0 3.0

buildings

to occur
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'Although the safety factor scheme deserves criticism, reliability
analysis in its present stafe of development does not offer a solﬁtion.
The elements necessary for a reliability analysis include prob#bility
frequency distributions for loads and material sfrength and a target '
failure probability. Hoeg and Murarka (29) have established distrib@-
tions for soil loéded by.its own weight, but this does not apply to
all geotechnical applications. Also, existing soil tésting tecﬁniques
are incapable of defining strength distributions, and probabilistic
targets have not been established. It may be possible, hdﬁever, to
improve upon geotechnical reliability analysis simply by using informa-
tion developéd by structural éngineers. This idea is particularly
valid when viewéd from the standpoint that an iméortant aspeét of
geotechnicai engineering is in direct support and should be consistent
with reqhirements for sf;uctural design. | |

Bearing capacity '

If the probability frequency distribution for loads, L, and strgngth;
Q, can be esfablished, the chance of failure can be computed by simply
determining tﬁe area common to both disttibutioné relative to the area
of a single distribution. This process is shown graphicaliy in Figure
‘lO. A specific example should illustrate the potential and the p;oblems
of using the reliability approach to geotechnical design, Assume that
it is.desi:éd to t:ansfer-average 100 kip qqiumn loads of a reinforced
concrete building through individqal footings tola séil deposit |

characterized by ¢. Tests on speéimena taken from five random locations
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Load

£(L)

£(Q ,

Strength
!

|
|
|
|
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|
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Figure 10. Frequency distributions

Central Safety Factor

0 2 4 6 8 3o 12
Probability of Failure x 10

Figurc 11. Reliability analysis example
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throughout the deposit resulted in friction angles of ¢1 = 28°,

¢2 = 30°, ¢3 = 29°, ¢4 = 28° and ¢5 = 25°, Theée arg hypothetical daﬁa
taken from reference 28 and represents a deposit characterized by a
mean friction angle of 28° and a coefficient of variation of 7 percent.
The bearing capacity relation as given by equations 23 to 29 transform
the fundamental soll properties to loads which are consistent with the
design requirement. For an 8 foot square footing and 120 pcf soil, the
ultimate load for each of the measured friction angles is: Q25 = 201,
Q28 = 513, Q28 = 313, Qég = 360, and Q30 = 413 kips. The mean or
expected capacity 151322 kipsf Next comes the task of selecting and
determining ﬁarameters for the probability frequency distribution. In
past statistical evaluatioms, tﬁe normal or Gaussian disgribution has
been presumed for soll properties. This is consis;ent with Lumb's
analysis of.experimental data (43), but Harr (28) contends that it is
physically impossible for material parameters and the consequent
strengths to follow the normal distribution. This is because normality
requires that observations take on a finite probability of having
negative values (i.e. pegative strengths'énd unit weights). Wﬁile the
Gaussian distribution is convenient and may adequately defiﬁe mater:al
variability near the mean, a,nonsensical representation cquld result at
the talls of the distribution, and this is the important rég;on for
reliability analysis. To overcome objections to tﬁé normal distribution,
Harr suggests the betafdistributioh whichfimposes bounds on thé variate.

Substantiation for using the beta-distribution is not overvhelming
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because it is based on empirical fits of 1imited data, and other more
convenient distribution forms having as much logical supﬁort might
be used. Some examples are the log-normal distribution which imposes
a lower bound or extreme value distributions, specifically developed to
predict the occurrence of large or small quantities (24). An‘objection
to the beta-distribution is that it is a four—farameter model réquiring
considerable data to define its form,

Siﬁce defining the appropriate frequency distribution for soil
strength is not the intent of this research, the beta~distribution

having the following functional form will be used for this example.

£(Q) =

LI Q-mr @m - QU .
(n-m)B(A + 1, u+1) =*-®™ =®B-n : (37)

cf. Harr (28)

where Q is ultimate load. A and Y are parameters defining the shape of
the distribution, m is the lower limit for the random variable, and n
the upper limit. The function B (A+1, 4 + 1) depends on.thé gamma
function. Details of defining the four parameters for this ekample

are given in Appendix B where the following probability density function

is formulated.

£(Q) = 2.385 x 10717 (q - 82)3(562 - @3 | (38)
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The frequency distribution for 1§ads can be generated from the fact
that research supporting the ACI code indicates that live and dead
building loads are normal vériatés (42), conforming to the follbwing
desigh conditions ).

P (L 1.4 L

v

0.001 (39)

1A

DL DL)

P (L, > 1.7 L) €0.000 - | (40)

where PAindicgtes the probability of the bracketed statement, L is the
load variate, L is the expected va;ue and the subscripts LL and DL
refer to live and dead loads. The factors 1.4 and 1.7 are the design
factors used to impose the 1/1000 chance of loads exceeding the mean
or nominal design value. Equations 39 and 40 are adequate to define
the standard deviation, Sq, for the Gaussilan frequency distribution
given as
o - =(L - i)zlzs 2

9 dL

P (L > 0.001)= f 1 e

L Sq\/ﬁ

(41)

~

where the. lower limit on the integrationm, L, defines a value for which
the probability condition is met. To allow use of probability tables,

equation 41 can be normalized with the transformation

L-L .
z =5 (42)

q
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which leads to

° L -2
P (z>0.001) = [ e 42 (43)
z Vor

From normalized Gaussian probability tables (8), E = 3,09 résults in

the 1/1000 chance that the variate will be exceeded. Thus the sﬁandard
deviation for frequency distributions consistent with equations 39 and
40 caﬁ be determined from equation 42, and the following relations can

be established

_ 1.4 LDL - LDL } 0.4 LDL

SqoL - 3.00 (44)
s = LTl by 07T hy 45)
qLL o 3.09

Z

Because live and dead loads are additive and occur simultaneously, a
combined probability frequency distribution is required. Fundamental
relations for expected values and variance can be used to establish the
parameters for the desired frequency distributiqn. These relations

are

Ex (LDL + LLL) =B (LDL) + Ex (LLL) cf. Chatfield (8)  (46)
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va; (LDL + LLL) = Va: (LDL) + Var (LLL) (47)

cf. Chatfield (8)

where‘Ex signifies the expected or mean value of the variate And var’
the variance or squgred standard deviation.

For this example, the total exbected load, L, is 100 kips and if
the dead load is equal té‘the live load, standafd deviétions for the

individual distributions are

- £50)(0.4) _
quL 3,09 6.47 | (48)

- (50)€0.7) _ ‘ : '
sqLL 3.09 11.32 (49)

and for the combined distribution the definitive parameters are
Ex (LDL + LLL) = 100 kips ‘ (50)

| | 1/2 _
Sq (pp + Iyy) = ((6.47)2 + (11.32)9) 13.04 kips  (51)

and the resulting frequency distribution is

I - 10002360
£(L) = 0.159 e - (52)
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‘With both load and strength distributions defined, the final step
in the reliability analysis is to compute the area common to both
frequency distributions. A preferred technique is mathematical
integration but numerical integration is easier. In this case, the
intersection of the load and strength curves wﬁs determined graphically,
and the afea was computed using the Romberg numerical integration
scheme pre-programmed for a Texas Instruments, TI 59 calculator. For
the 100 kip nominal load, the probability of failure is 9 x 10-3.. For
comparative purposes, a device known as the central safety factor (CSF),
defined as the ratio of the mean load and strength can be used. In
this case CSF is 3.22., By assuming‘different nomingl loads and main-
taining constant soil variability, a relation between CSF and failure
probability was developed. The results are shown in.figure 11 and
Table 6. “ |

If the structure is indeterminate and senses a single bearing
capacity failure as an overload, the targeted 1/1000 chance of this
occurring corresponds to a CSF of 4, a rather inflated value when
compared to the standards estgblished by Vesic in Table 5. In fact, the
type of construction covered by the ACI code probably corresppnds best
to Vesic's categbry B which suggests safety factprs ranging from 2.5 to
3.5. Hoﬁever, it should be recognized that the normal desigg safety
factor'and the CSF from the statistiqal analysis aré not necessarily
the same. Consider a situation where information from a complete,

thorough soil investigation or all of the strength data 1s made available
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to a prudent engineer. Under such circumstances, use of the most
conservative bearing capacity, along with Vesic's suggestion for a 2.5
safety factor ;qus to a design load of 80.4 kips. As Figure li or
Table 6 indicates, this results in a failure probability consistent

with the ACI goal of 1/1000 and corresponds to a CSF of 4. Conversely,

Table 6. CSF and failure probability

Failure Probability

CSF <103 L (kips)
5.0 0.083 644
4.5 . 0.306 71.6
4.0 o 1.080 .. ) 80.5
3.5 3.490 | 92,0
3.0 | 10.700 = 107.3
2.5 | 26,500 128.8
2.0 94.600 | 161.0

1.0 668.200 322.0

consider what is probably the more common event where the éngineer has
access to a single soil strength parameter. A limi;ed sqil éxplotation
would dictate a safety factor of 3.5, and the result could be any one of
the outcomes listed in Table 7; Two designs are consistent with the
expéctatibns of the structural -engineer and éne represents excessive
overdesign. Greater significance may be in the fagt that according to
this analysis, risky designs coul&’be the result of forty percent of

the time.
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This example illustrates a logical format.by which design goals can"
be established. Also, for the data used, tﬁe reliability analysis is
quite consistent with current practice in the event that a complete
suite of data is available. In essence, a poorly defined, undetermined
form of statistical analysis is performed by using worst-case con-
ditions. It seems that a better design method would include a more
concise measure and treatment of variability. For the bearing capacity
problem applied to building foundations, load frequency distributions
and a design target have been established. Practical difficulties in

applying such a methodology come from definition of soil variability.

Table 7. Failure probabilities using a conventional safety factor

of 3.5
Qu kips I (kips) CSF Probability of Fallure
201 57.4 75 1/100,000
313 89.4 4.0 /1/1000
313 89.4 4.0 1/1000
369 105.4 3.0 1/100
413 118.0 2.75 1.6/100
Settlement

Two indepeﬁdent surveys of rather significant structures conducted
by Bjerrum (4) and Skempton and Mac Donald (57) revealed that of 193

buildings evaluated, 100 suffered some degree of damage associated with
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differential settlement. This 50 percent chance of damage resulting
from settlement suggests that impfovement in current design practice
is certainly warranted, and the cause could well be the inability to
statistically eﬁaluate a given problem.

Unlike the bearing capacity problem, settlement damage does not
usually involve loss of life, and the consequences are frequently
serviceability factors such as machinery alignment, cracked walls or
partitions, and function of doors and windows. Standards forbcurrent
design practice are based on bullding surveys such as the ones previously
mentioned with a widely used source being taken from the U.S.S.R.
Building Code. Portions of this code are presented in Table 8. 1In
geotechnical design, settlements are usually thoﬁght of in terms Qf total
and differential settlements where the former represents the least
demanding design goal and is governed by such factors as drainége and
utility access. In Table 8, it can be seen that structures can tolerate
total settlements of up to 12 inches. For differential settlements,
which ére more difficult to evaluate, the toleration limit can be
fractions of an inch. For example, the defection ratio, §/1, for a
reinforced concrete building is 0.002. If coluﬁn loads for such a
building wefe supported by independent footings spaéed at 20 foot interT
vals, the tolerable differential settlement would be slightly less than
one half inch. Meeting such a design goal means noﬁ only an accurate
prediction method but one which can account for the ghance of poor

predictions by virtue of material variability.
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Table 8. Allowable settlement criteria: 1955 U;S.S.R. Building Code
(after Polsghin and Tokar (51))

Average Angular o
Type of Structure Settlement, in. Distortion é?l

Allowable Total Settlement

Building with plain brick walls
2/h¢ > 2.5 3
2/h < 1.5 4
Building with brick walls,
reinforced with reinforced
concrete or reinforced brick 6
Framed building. 4
Solid reinforced concrete
" foundations of smokestacks,

silos, towers, etc.. 12

Allowable Differential Settlement

Civil and industrial building
column foundations:

a. For steel and reinforced _
concrete structures 0.002

b. For end rows of columns with
brick cladding , 0.001

c. For structures where
auxillary strain does not
arise during nonuniform
settlement of foundations 0.005

Tilt of smokestacks, towers, silos,
etc. : . . 0.004

Craneways o 0.003

35 = differential settlement between two points. ,
bk = distance between adjacent columns or two reference points.

°h = height of building.’
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One scheme proposed to assess the uncertainty of total settlement
predictions was proposed by Corotis, Krizek,.and El-Moussi (10).
Resulfs of more than 700 consolidatipn tests on alluvial, marine,
aeolian, and residual solls were used as a data base for correlation
of variability in compfession indices to dry density. GaussianAdis-
tributions of the compression index and loads were assumed, and using
the method of derived distributions a log-normal frequency distribution
for settlements was devéloped. Application of this scheme presumes
that pertinent statistical characteristics of specific deposits can be

.determined from average d;y densi;y, and the method results in a
statement about the chance of realizing settlements in excess of a
specific amount. This technique has the gdvantage of keying easily
measured propefties to parameters which would be difficult to measure
inlsufficient quantity to define variability of specific depoéits. A
criticism is the validity of indexing seemingly unrelated properties,
and perhaps of more importance is the value of the result. Being able
to state the probability of realizing settlements in excess of a
specific value is superfluous, unless a realistic‘design goai can be
defined., Furthermore, this approach does not addresé differeﬁtial
settlemeﬁt which may be the more impoftant design fzctor.

A partial solution to defining a probabilistic design target might
be possible by considering observations of structures near failure,
because of differential settlement. Bjer;um (4) found that settlement

ratios exceeding 0.007 occurired for buildings at impending failure.
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I1f 'a frequency distribution using deflection ratio as the random
variable were available, a design goal consistent with ACI code woui&

be allowable footing stresses producing 1/1000 chance éf achieving

§/1 = 0.007. This implies that structural integrity is due to over-
loads induced in an indeterminate structure through the mechanism of
differential gettiement. Deflectidn ratio diétributions could be
geﬁerated by dividing differences in settlements predicted at different
locations on a building site by separation distance for all permutations
of the availaBle data. Obviously, this pfocess will generate a
éymmetrié probability'density function because each deflection ratio or
slope will take either a positive or negative sense‘depending upon which
test location is taken as reference. This has not been done because

the data supporting such an analysis cannot be develoéed By conventional
test and prediction methods.

Sample and test requirements

Including the influence of soil variabilit? in design, either
through reliability analysis or the less systematic approach of
designing with conservative results from a series_of experiments, means
repetitious testing. The amount of testing reqﬁired to define the
statistical character of a soll deposit also depends on variability, the
importance of which can be demonstrated by a simple statistical
relation. The number of samples, n, reqqired to egtimate the mean of a

population can be computed from the equation}
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ns= 2 cf. Chatfield (8) (53)

whére S = stand;rd deviation,.L = interval defining precision of the
estimate, and Z is a statistical parameter stipulating the form the
parent probability diétribution and'the likelihood that the true mean
will be contained in the interval L. For a 90 percent chance that the
interval L contains the population mean from a Gaussian distribution,
Z = 1.65. A priori information is required about population standard
deviation before equation 53 can be used. ﬁowever, if S can be
estimated from experience, the relation can be a useful starting point.
To provide a feeling for sampling requirements in soil deposits,
‘Table 9 contains a summary of sample size estimates for extremes in
variability represented by the statistical data from#Tables 1l and 2.
Precision intervals were somewhat arbitraril& selected and aré thought
to represent laboratory precision or desigp significance. If the data
in Tables 1 and 2 are a true representation of soil variation, Table 9
suggests that the number of samples and tests needed for definition of
variation by conventional practice and methodology would in many cases
be out of the question.  TFor example, definition of friction angle
for the least variable Qf deposits requires eleven independent measure~
ments which at a minimum should meaﬁ 33 specimens tested to failure by
conventiongl-techniques. The requirement for 9 ynconfined compression
tests is reasonab;e, but the results may in some ﬁatefials inadequately

define parameters demanded by prediction theories. Except for
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exceptionally large projects or statistical research, results from 31

to 111 consolidation tests is probably a dream.

Table 9. Sampling requirements

Parameter - C.V. % S L ‘n Variability

Friction angle 5.3 1.97° 1° 11 : Low
11.0 4.56° 1° 57 High

Unconfined

Compression 29.0 3.6 psi 2 psi 9 Low

Strength 49.1 14.2 psi 2 psi 137 High

Settlements 25.7 1.7 in. .5 in. 31 Low

48.5 3.2 in. .5 in. 111 High

Towa K-Test

As a means qf.inexpensively obtaining mechanical soil properties,
Handy and Hoover (25) proposed an altermative laboratory apparatus.
Known as the Iowa K-Test, this device consists of a split steel mold
into which a Proctor specimen is inserted and loaded along its axis
through a pair of discs. When the specimen has expanded sufficiently
to contact the inside‘walls‘of the mold, shown in Figure 12, radial
stresses are developed by the reaction of the mold. The radial stress
magnitude can be evaluated,from measurements of mold expansidn through
a calibration between radial stress and mold deformation. A later

development is the commercially produced apparatus shown in Figure 13.
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Figure 12. Early version of Iowa K-Test
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Commercial version of Iowa K~Test

Figure 13.
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This apparatus is comprised of a split, thin—wﬁlled mold, restrained
by a closed hydréulic s&stem.~ Radial stress is measured from a
calibration to hydraulic pressure, and the operator also has the
option of controlling radial stress with a pump commnected to the
hydraulic system,

A desirable feature of the K-Test is its automatic, continuous
increase in radial stress during axlal loading. Set-up and test time
are roughly equivalent to that required for unconfined compression
testing, the apparatus is relatively inexpensive. Since no stress
control is required during a test, technicilans can.be.easily trained.

One inteﬁpretation‘of results from the Iowa.KrTest is based on
the concept that radial and axial stresses measured during the test
approximate principal st;ess components and define ultimate strength
according to the Mohr-Coulomb failure criteiion (26). Lutenegger (44)
reports ¢ and ¢ parametérs derived from K-Test fesults for several
soils, many of which seem rgasonable. However, an exception is the per-
sistent measurement of significént negative cohgsion for sands and
natural loess. Lutenegger (44) also reports results of a coﬁparative
analysis between K-Test and conveﬁtional triaxial results on a natural
glacial till where the’K-Test produced excessive'me#sures of both ¢ and
¢. This comparison is of questionable significance because few tests
were performed on specimgns taken from different locations. Although
the nature of the paramgters defined by the K-Test is not clearly

defined, Hoover and Handy (31) have demonstrated that the test does
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‘have capacity of providing logical !differentiations iﬁ strength
parameters with respect to variation in moisture content and unit
weight of laboratory compacted specimens.

Boundary friction, presént on all surfaces rather than just the
ends as with the triaxial apparatus, is an objection of the K-Test.
Handy, Lutenegger, and Hoover (26) proposed a correction technique
based on measurements from a hydraulic load cell used in place of the
bottom loading disc. With vertical support at the bottom of the mold,
and both the load cell piston and top loading disc free, a soill-to-steel
mold frictipn component qécurring on the sides of the specimen was
measured during the test. Knowing the normal stress and #ssuming an
average shear occurring throughout the specimen, the failure eﬁvelope
was graphically édjusted u§ing Mbhr-ciréles. Such adjustments tend to
reduce ¢ and increase c but validity of this correction was not verified.

One question arising from the K-Test results is the influence of
the amount of restraint on the results. The models thus far developed
represent extremes in mo;d stiffness, and Lutenegger (44) reports the
softer, thin-walled mold tends to produce higher friction angles and
lower cohesion than the stiff mold. In fact, the negative cohesioqs
xepqrted by Lutengggér occurred most frequently:with tests performed
using the thin-wailed, hydraulic éppa:atus.

| Another factor considered in reference 26 is the significance of
vertical deformation moduli measured during the conduét of the test.

For the soils tested, axial stress-strain plots were very linear and-
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did not reach limiting strength. Both observations are inconsistent
with data usually obtained from conventional triaxial tests.

The idea of testing geotechnical matérials under conditions where
radial deformation dictates the magnitude of stresses in that particular
direction did not originate with the Iowa K-Test. Hveem and Davis (32)
report that as early as 1932, the California Department of Transportation
tested flexible pavement materials, including_soils,‘using apparatdé
made from thin steel tubing split lengthwise along one side. The split was
reinforced with springs and measurements identical to those for the
K-Test were made. This apparatus has since evolved into<;he now standard
Hveem Stabilometer, a dev;ce in which reactions to radial deformation
are producéd by closed hydraulics acting on the specimen through a ;ubber
membrane. Early attempts to analyze Stabilometer‘data involveﬁ
definition of the streng#h parame;ers c ana ¢,_but this was criticized
on theoretical grounds and present application is through empirical

correlation (32).
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DEFORMATION RESTRAINT THEORY

Because of its potential for providing a rapid measure of soil
properties, the deformation restraint (DR) test seems a likely candidate
for solving at least some of the problema assoclated with ‘soil
variability and prediction accuracy. Potential applicability of the
test might be viewed from two perspectives. ﬁy analogy to staged
triaxial testing, the DR test could represent a convenient method for
determining ultimate shear strength parameters. Alternatively, it could
also represent an improvement to settlement prediction accuracy in that
radlal deformation occurring in a DR test may represent distortion
shown to be a partial cause of underpredictions wlth the oedometer.
Based on the review and analyeis.of the literatnre, there is a definite
need for poth applications of the DR test.

The work done thus‘far with DR testing has been exploratory in
nature, and little attention has been given t0'what may be a very
important aspect of the test; specifically, the influence of the
degree of restraint on the resulting parameters. Lutenegger's work
suggests it does make a_diffetence on ultimate strength parameters. In
terms of settlement predictions, a hint might be taken from Lembe's
streea path method, where radial stress is increased as a fnnction of
exial stress. If radial et:ain were measured, a radial stress-strain
relation would exist as with the DR test. However, an important, but

unknown factor, is whether arbitrerily dictating thls restraint by the
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properties of an apparatus is adequate. Evaluation of this factor

shall be attempted through theory and experimentation.

Restraint Function

Presently, the only thing known about deformation restraint tests
is that the radial stress is some function of radial strain. For this
analysis it will be presumed that the following linear relation,
expressed in terms of axisymmetric principal stress and strain, is

appropriate
o, = =k €4 oy (54)

where k is a constant defining stiffness of the apparatus. The negative
sign is used to make 03 positive fdr negative radial expansive strain
that occurs during the test. Equation 54 infers that for an unconfined
test k = 0 since 03 = 0 and 53 # 0. The other extreme for k répresents
the constrained or oedometer test because in the limit k approaches

infinity as €. approaches zero. Even from this.very basic analysis, it

3
might be speculated that deformation response is highly dependent on k.
It is known that unconfined and constrained test results are certainly

different.
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Restraint and the Elastic Constitutive Law

Since some elements of elastic theory provide relatively good
estimates in geotechnical materials, the DR test migh; offer a means
of evaluating parameters consistent with elastic theory. If equation
11 is expanded with stress and strain expressed for the axisymmetric

case, expressions for axial and radial strain can be written as

1

el = E'(Ol - 2v 03) (55)
€. == ((1 - v)o, - vo.) (56)
3 E 3 1
Equation 54 solved for €3 and substituted in equation 56 results in
\
0y 5 (——E— o, (57)
k(1 - V) +E

An expression for axial stress in terms of axial strain can next be

obtained by substituting o, from equation 57, in equation 55, resulting

3

in an axial stress-strain relation for a restrained test

k(l-v)E+E2

(58)
k(1L=-2v)(1+v) +E
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The bracketed term in equation 58 represents an apparent modulus or
restrained modulus, Mr’ dependent on the restraint parameter, k, and
elastic constants. This equation can be checked by looking at the limits
on k. For k = 0 in equation 58, Mr = Ebwhich is consistent with basic .
definition for E. The other limit, K = @, results in the indeterminate

form, M = o/ and by applying L'Hospital's rule

Um |, _ lim k(L - VE + E 1 -v

e Y Te GATma+rw e © @omaro®

This means for infinite restraint Mr becomes the constrained modulus,

Mc’ defined as

i a-v
M@ -vma+y

) E | (59)

The constrained modulus represents the elastic counterpart to the

oedometer test.

Plastic Flow

Mohr-Coulomb theory is not readily adaptable to modeling deforma-
tion relations for a material subjected to yleld stress components.
However, the link between volumetric strain, deviatoric strain, and
the failure parameter O provided by the Drucker hypothesis in equation

22 could explain the linear deformation results reported by Handy,
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Lutenegger, and Hoover (26). Strain invariants in equation 22,

expressed in terms of axisymmetric principal strains are

P p

1 .
- = (60)
P P 60,
el + 2e3 £

P

Solving equation 60 for €q

:esults in

6. + V3
€3p = elp __f________ " _ (61)
’eaf-zfi

Drucker-Prager or the extended von Mises failure criterion for axi-

symmetric principal stresses is
(1/ V30, - 05) = p + (o) + 205)0, (62)

Sblving equation 62 for ¢, results in

1

1+2/§af . /3 P
l-vﬁaf 1-/§af

0y =04 (63)
Imposing the deformation restraint condition defined by equation 54

on equation 61 and substituting the result in equation 63, results in

the following major principal stress-strain relation
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=k1+2/§k-z,6af+/37ep+/§g 64
1 1-/§afj 2/5-6ufj 3 1-V3a,

(¢
Equation 64 indicates that for material having a linear failure
envelope and a constant restraint function, the major principal stress-
strain relation occurring under conditions of restrained plastic flow
is also linear. The last term‘in equation 64 represents the stress
level for the onset of plastic failure. Further evaluation of equation
64 reveals that the plastic stress-strain reiation depends on the volu-
metric character;stics of the material through the parameter Gf. By

this model, 0. > 0 means the material dilates while for af = 0 no

f

dilation occurs and equation 64 reduces to

o=%—ep+/§'p ~ (65)

1 1

Additionally, no restriction being placed on k means that an infinite
number of restraint functions are capable of producing a failure stress
path. Each function will, however, produceva unique stress-strain

relation. If this model is valid, it infers that G can be determined

f
from a deformation restraint test by arbitrarily setting k, and that
other stress-strain relations can be predicted for any deéired'degtee
of restraint.

Numerous assumptions, not necessarily consistent with the behavior

of all solls, were used to develop the deformation relations for
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restralned plastic flow. Thus, the validity of such a model should be
experimentally verified. If the model works, it could represent a
valuable predictive tool. If not, it may serve the useful purpose of'
raising a pertinent question.. If an infinite number of k-dependent
major principal stress-strain relations is possible, whiéh one is

appropriate for field deformation predictions?

Restraint Function for Settlement Predictions

Further consideration of Lambe's stress path method reveals that
bdundary stresses are dependent not only on material éroperties but élso
on geometry, as can be seen from equations 30 and 31. Working from
elastic solutions, it may be possible to formulate atmethddology which
defines a restraint function, dependent on the same factors as the
stress path technique. For load acting over a circular area, an ex-
pression for radial stress occurring beneath the center of the loaded
area 1s given by |

04 = qg (2VA+C + (1 - 2v)F) cf. Poulos and Davis (52) (66)
where 9, = stress at surface, and A, C, and F are geometric péfameters
dependent on the radius of the loaded area, a, énd depth below the
surface, z. Equation 66 1is nothing but a more managéable form of

equation 31, and the parameters A, C, and F can be found in reference

52. The second element necessary to establish restraint function is an
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expression for the radial strain. From the same elastic solution this

equation is

e, =q XV

3 s T E ((1 - 2v)F + C) cf. Poulos and Davis (52) (67)

Solving equation 67 for 9 and substituting the result in equation 66

results in

o = EY (VA + C + (1 - 2V)F)

€
31+ (1 - 2V)F + C

3 (68)
where the two terms in brackets represent k in equation 54.

Equation 68 could represent a convenient control for a settlement
test. Obviously, a priori knowledge about the two elastic parameters
E and v is necessary. Since both v and E for soil are known to be
stress dependent, an adequate approximation ﬁight be obtained from the
elastic constituéive relations and soil response from early phases of
a test. Should part of the test sequence involve loading under con-

strained conditions, v, can be computed by setting €, = 0 in equation 56

3
which results in:
g

\)| ’ ,=_3_. - (69)

£
3=0 (o1 + 03)

An estimate for E can also be made from the results of a constrained
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phase if a wvalue can be assessed for constrained modulus. By sub-
stituting v.from equation 69 in equation 59 and solving for E, the
following expression in terms of Mc and principal stresses can be

written

- (o1 + 203)(0l - 03)
c 01 (o1 + 03)

(70)

A possible scheme for a deformation restraint test would involve the
following: |
1. Reconstitute the in situ vertical stress by following the Kb
stress path shown.schematically in Figure l4a.
2. Upon reaching what is presumed to be initial in situ stress
'conditions, compute values for v and E using equations 69 and
70 respectively. Vv comes from in situ stress conditions while
E depends on stresses and the tangent value of Mc taken at point
a, Figure l4b.
3. The vertical stress-strain relation of interest can be determined
under the restraint conditions defined by equation 68 where it
is understood that 03 represents radial stresses imposed on that
produced during the K° 16ading. The resulting stress path should
then be dictatqd by an estimate of material properties occurring
under in situ conditiomns. Depending on drainage conditions
allowed during the test, it might also be possible to evaluate

initial or a combination of initial and consolidation settlements
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q=(o; - o) /2 = (G‘,’ - %\)/2

p= (0 + 03)/2 = (o, + c{ﬁ)lz

L

a. Stress path

Distortion

b'

Consolidation and
Distortion

b. Stress-strain

Figure l4. k-path settlement evaluation
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as shown by deformation responses ab or ab'.

The same general criticism of using elastic theory to estimate
boundary conditions is valid for both the proposed k-path and Lambe's
- stress path methods. A reason for either technique providing
acceptable settlement estimates might 1ie in the fact that elastic
theory is only used to provide an_approximation of boundary conditions,
while the actual settlement parameters are derived from the inelastic
resposse of the primary element being tested. If the performance of the
primary elemen; is somewhat insensitive to its boundary conditioms, it
may. be possible that a precise definition of boundary conditions is not
essential. Thus the elastic estimate may be adequate. This rather
nebulous concept of boundary condition insensitivity is,something that
probably cannot be analytically proven but might be experimentally
illustrated. Nevertheless, both Lambe's method and the proposed k-path
method may in the least offer partial improvement to the underpredictions
characéeristic of the oedometer or consolidation test.

A closer look at the restraint function given by equation 68 reveals
| that by elastic theory, ﬁhe equation 54 definition may nos be adequate.
Figure 15a shows the distribution sf vertical and radiai stresses
occurring along the axis of symmetry for the circular load area. Since
o, is independent.of materisl properties, a singie eurve describes the

1

distribution. depends on v, thus a sizable range of radial stress

93
distributions is possible. In terms of the sign convention, both g

and 0, are always positive, and at different positions beneath the

3
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03/q, or o,/q
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Figure 15a. Elastic stress distribution for a circular footing
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Figure 15b. Elastic strain distribution for a circular footing
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footing 03 = 0. This means for stress path control the superimposed
radial stress is zero or the test is conducted at constant, in situ
radial stress.

The quantity EeB/qS for different values of Poisson's ratio is

shown in Figure 15b. Since E, 9 and 0, are always positive, the

3
occurrenté of positive and negative strain meané that the réstraint
relation given by equation 68 can be either of an active or reactive
form where elastic theory calls for negative strain and compressive
stress, equation 54 and reactive restraint of the Iowa K~Test are con-
'sistent. Conversely, where compressive strains are called for, the
spring constant defined by equation 68 should_produce radial comprgssion
or work as an active spring against the specimen. When Q = 0.5, a
reactive response is always appropriate until z/a is such that ﬁhe
superimﬁosed 03 should be zero. Other values of v dictate combinations
of restraint responses including k = ® when EeB/qs = (0 and k = 0 wvhen
the superimposed 03 is 0.

The main advantage that could rgsult from formulating the test
response in.terms of deformation restraint is convenience in testing.
Stress control requires a triéxial apparatus and continual computations
and adjustments throughout the test. A splution might be an'expensive
pre-programmed servomechanism. On the othér hén&, the k~path method
would require intervention at point a on the stress path shpwn in

Figure l4a, but the remaining portion of the test could be conducted in

a fashion similar to that of the oedometer with a physical analogy to
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the restraint function being a spring. The inconvenience of having
active and reactive springs might be circumvented by using Lambe's
average element‘concept. Since the average element occurs near z =

a, elastic theory stipulates reactive respohse for v > 0.1 and constant
04 for v < 0.1. Since few solls are known to have Poisson's ratio

less than 0.1, a reactive restraint apparatus éhould suffice.

Another potential advantage of the k-path test is in the definition
of the K.o phase and the elastic parameters. A constrained test
performed in a triaxial apparatus is difficult to perform and requires
specilal equipment. Thus,K° is usually defined from empirical relations.
Additionally the measurement of v is difficult in a triaxial apparatus,
so this parameter is usually estima;ed at 0.5, a value for which
‘graphical stress distributions are published. A criticism of the
proposed k-path method is that the restraint function‘is defined at
the conclusion of the Ko loading phase and held constant thereafter.

As the stress state in the primary element changes, fhe definitive
parametérs E and v could vary, thus changing restraint constant computed
in equation 68. Material parameters are also assumed constant in the
stress—path test; however, for the k-path test, it is entirely feasible
that‘E and v could be updated at points along the stress path ab,

Figure l4a, according to the procedure previously discussed but with

the elastic solutions for restrained conditions being the source of E
and v; Such a procedure would certainly eliminate the conveniencé of

k-path testing.
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EXPERIMENTAL METHODS

Although éhe primary goal of this research is to investigate.the
influence of the restraint function on the deformation and étrength
characteristics of soil, the proposition of a new test apparatus
essential to accomplishing the desired goal introduces some factors
not encountered with conventional testing. The significance of
specimen dimensions, the influence of imposing rigid boundaries, and
the effeétsvof boundary friction are all factors common to a deforma-
tion restraint test. The philosophy of this experimentation is to pre-
sume that conventional techniques yield valid parameters, or at least
they yileld parameters consistent with prediction methods currently used.
Thus,if.results from the proposed test are to be implemented within the
framework of current ehgineering practice, a viable evaluétioﬁ can be
made in the laboratory by simply comparing results of the proposed test

to accurately defined properties determined from conventional methods.

Test Material

The diverse nature of soil makes a monumental task of exﬁerimentally
evaluating all of the possible ramifiéatiéns. For-this study, a'single
soil wés selected on the basis of uniformity and ease of specimen
'preparation. A total of 31 spécimens was made from Monona series.soil

from western Iowa. The physical and mineralogical properties of the
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soil were determined for previous research, and the results are
tabulated in Table 10. To reduce variability associated with moisture
content and dfy unit weight, the material was compacted at constant
moisture content in a 2.8 inch diameter steel mold with a hydraulic
ram. The compaction apparatus was arranged such that the desired unit
- weight w#s achieved by compacting a given weight of the soil to the
appropriate dimensions. Unit weight and moisture content were
arbitrarily set at the standard Proctor density and optimum moisture
content given in Table 10. Table 11 is a summary of the volumetric and
gravimetric properties of all specimgns used in the test program. _The
mean dry unit weight and moisture content were quite close to the
targets. More importgntly, variation in these properties was low,
meaning the chances of evaluating a test mechanism rather than vari-
ability between specimens are better. For comparison, Harr (28)
reports field variability for the same properties in excess of 30 ﬁer-
cent. Also it was anticipated that the low saturation 1évels would

eliminate pore pressure as a variable.

Apparatus

The two existing versions of the K-Test apparatus were used
during a prelimingry evaluation for this research. The stiff mold,
Figure 12, performed admirably, but it lacked the capacity of cﬁanging
the restraint function. Stiffness of the thin-walled model, Figure

13, can be changed by retracting the hydraulic cylinder and placing
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Table 10. Physical and mineralogical properties of Monona loess
(after Hoover and Handy (31))

Name or Series Location Monona, Sioux City, Iowa

Horizon sampled B/C
Textural Composition, 7%

Gravel (>4.76 mm.) ' 0.0

Sand (4.76 ~ 0.074 mm.) 0.6

silt (0.074 - 0.005 mm.) 78.4

Clay (<0.005 mm.) , - 21.0

Colloids (<0.001 mm.) 17.0
Physical properties:

Liquid limit, % - 32

Plastic limit, % | 26

~ Plasticity index, % 6

Specific gravity ' 2,71

Std. dry unit weight, pcf 103.8

Std. opt. moist. cont., % 18.5
Classification:

Textural Silty clay loam

Engr. ~ AASTHO A-4 (8)
Preddminant Clay Mineral Montmorillonite
Other Clay Minerals . I11ite? a

Kaolinite

Geological Description Loess

calcareous

%Indicated clay mineral present in small amounts only.
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Table 11. Volumetric and gravimetric properties of test specimens

Mean Standard Deviation CV, 7
Unit weight, PCF 102.9 2.2 , 2.1 ;
. {
Moisture Content, % 18.3 0.3 1.6
Void Ratio 0.63 0.01 1.6

Saturation, 7% 79.5 1.42 1.7

different sized springs between the piston and one of the ears on the
moid, and a few tests were performed using this technique.b Howeﬁer,
tensile cracks in specimens, occurring at and.parallel to the slot in
the side of the mold raiéed quesﬁions about thevvalidity of assuming
axisymmétric stress conditions. Thus;it was decided to design and
construct experimental apparatus capable of performing deformation
restraint or conventional stress controlled tests under approximate
axisymmetric boundary conditions. The resulting deformation restraint
(DR) apparatus 1s shown in Figures 16 and 17.

Radial streés is épplied to 2.8 inch diameter cylindrical specimens
of varied length by eight radially oriented Bellofram (folling
diaphragm) cylinders acting on individual segments. VThe segments were
cut from thick-walled aluminum tubing, having'an inside diameter
matching that of the speéimen and grooves were milled on the exterior

to index the cylinder pistons at the middle of the segments. Opposing
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Figure 16. Schematic of deformation restraint apparatus_ '
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Figure 17. Deformation restraint test system
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pairs of radial cylinders were connected in series to a pair of master
cylindefs which react against springs. The intended design was to
allow the option of stress control or automated lateral deformationm.,
With the master and radial cylinders charged with hydraulic fluid and
operated as a closed system, deformation restréint is automatic and
can be altered by changing the springs. The stress control option
invélves application of COZ’ with manually controlled pressure
regulators. The dual master cylinder systém 1s intended to allow
applicatibn of truly triaxial stresses, either by using reactibn
springs of different stiffness or by manual pressure control. To avoid
downward thrust on the specimep and interference betwgen the bottom of
the segments and the base, the weight of-thé lateral load yoke and the
segments was balanced by a counterweigh£ system attached to a com-".
mercial load frame.

Radial and axial displacements are measured with LVDTs (linear
variable differgntial transformers), and axial loads with a load cell
fabricated from a proving ring and electrical resistanée strain gages.
A diaphragm-type pressure transducer is used to monitor pore pressure
at the base of the spgbimen as is done with conventional triaxial
apparatus. The electrical load and deformation sensors are monitored
with an automated, digital s;rain gage indicator. Calibration
revealed that displacements could be measured to a precision of 0.0005

inches, axial stress to 0.2 psi, and pore pressures to 0.04 psi.
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A pretest evaluation of the apparatus revealed that the radial
Bellofram cylinders were nearly frictionless. They could be activated
at ﬁressures slightly less than 0.6 psi, meaning hysteresis expressed
in terms of radial stress on the 5.6 inch long specimen would be less
than 0.12 psi. This is well within the‘precision of the 1/4 percent,
250 pgi pressure gages used in the control console.. The pretest
evaluation also revealed that the O-ring seal at the shaft on the
spring side of the master cylinders was far from frictionless, and
changing.to a double-acting Bellofram system was attempted. However,
nonavailability ﬁf proper sized diaphragms also cause that system to
stick. AThus a decision was made to conduct deformation restraint
tests -under manual control.

The Eest procedure developed is an incremental feedback system
where radial stresses are computed and adjusted based on radial &efor—
mations and the desired restraint function through use of a Texas
Instruments, TI 59 programmable calculator. The programs developed
also have provisions to account for stress adjustments based on

changing geometry occurring during a test.

Boundary Friction

Two options are available for the treatment of shear occurring at
the specimen boundaries in deformation restraint tests. As suggested
in reference 26, a measure of the net frictional force acting on a

specimen can be made. This, however, réquires assumption of a stress
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distribution about which little is known. In fact a solution to the
simpler case of friction on ends of triaxial specimens has eluded
researchers for many years, and it seems unlikely that an accurate
analysis of boundary friction as an element of routine testing is
easily achlevable. The secpnd alternative, other than neglecting
friction, 1is to minimize its influence by providing e near frictionless
boundary.

A part of thils research was devoted to evaluating potential inter-
face materilals and thelr properties. Results of interface friction
tests performed in a direct shear apparatus on several materials are
presented in Table 12. Tests were conducted over normal stresses
ranging ffom 10 to 50 psi and the subscript, I, on ¢ and ¢ are used to
designate frictional reeistance occurring on an interface. Shear
strehgth of Monona loess is included as akrefetence: A soil-Teflon
interfaee which is used with the thin-walled Iowa K-Test developed
surprisingly high frictional resistance. The other extreme is re-
presented by Teflon interface lubricated with a silicone oil spray,
where the direct shear apparatus could not measure an interface shearing
resistance. The frictional properties of lubricated rubber triaxial
membrane and Teflon are of particular interest because this represents
a workeble solution for reducing friction in the experimental apparatus.
At a.normal stress of 50 psi, the ultimate friction’that can be
developed is about 0.2 psi. Thus,By incapsulating specimens in a

triaxial membrane, lining the interior faces of the mold segments with
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Table 12. Interface frictional properties

Interface CI’ psi ¢I’ degrees R2 . CV, 2 n
Description
Soil-Soil 12.25% 34.62 0.9829 7.9 3
Soil-Teflon 0.96 24.4 0.9632 11.1 5
Teflon-Teflon 0.78 4.9 0.9963 2.9 7
Rubber-Teflon .

(Lubricated) 0.05 0.2 0.9982 ‘8.3 7

Teflon-Teflon b b -
(Lubricated) - - - - -

3Not an interface property as tests were performed on solid
specimens. : ‘

bNot measurable.

overlapping stripé of the Teflon sheet, and using the same interface
combination at bofh ends of a specimen, it can reésonably be assumed
that boundary friction is zero. Pore pressures were monitored by‘
cutting a small hole in the center of the Teflon and rubber discs

used aﬁ the base of the specimen. This technique has a secondary
advantage of eliminating the potential for variable boundary friction
resulting from the collection of pore fluid at the surface of tﬁe mold.
Lutenegger (44) reports a variation in net side frictlion measurements

as specimens become saturated.
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Computational Methods

A key aspect of the experimental test program is comparison of
volumetric and radial strain from triaxial and deformation restraint
apparatus. Volumetric.strain is measured directly in a triaxial
apparatus and 63 is a computed value. For the deformation restraint.
apparatus, the inverse is true. For small deformat;ons, volumetric
or radial strain for axisymmetric situations can be computed from the
simple relation‘

€

vol = €1 .+ 283 ' (71)

However, in soil mechanics strains are not always small, which could
have a significant influence on a comparison of computed versus
measured values. Consider a cylindrical specimen of initial height,
Ho’ and diameter, Do' A deformed measure for height, Hi’ and diametér,

Di’ can be expressed in terms of engineering strain as:

H:L = Ho (1 - el) (72)
D, = Do (1 - 83) (73)
Volumetric strain can be expressed in terms of deformed and under-
formed volumes as
v .
AV _ .1 ‘
€vol Vo 1 Vo _ (74)
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Substituting volumes in terms of deformed and under-formed heights
and diameters in equation 74 and cancelling terms leads to

2

Eop = 1- (1 =€) = €3 - ; (75)

vol
The assumption of small strains means the product of terms in equation
75 1s essentially zero; thus it becomes equation 71. However, if the
products are not small, the true volumetric strain can be con-
veniently computed by taking logarithms, such a manipulation results

in

€vol = 1- exp Iln (1 - el) + 2 lnv(l - €3)} (76)

Differences in volumetric strain computed from equations 71 and 75 can
be as great as 10 percent for deformations encountered in soil testing.
To compute es from measured values bf eﬁol and el, équation 76 cén be

solved for 83 which results in

l1-c¢ 1/2 : ’
—_vol an
1

Equation 77 presumes that triaxial specimens remain cylindrical.
A common convention for presenting constant confining stress
triaxial test results is to plot deviator stress, 0. - 0,, against

1 3
axial strain and call the siope of the resulting curve E. If E is to
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be consistent with the elastic constitutive law, the fact that such

tests are conducted in' a combined stress field might be imbortant.

Thus, from equation 55, E is theoretically defined as
(78)

and depends not only on stress but Poisson's ratio. For the special
case where Vv = 0.5, the conventional soil mechanics approach is wvalid.
Otherwise, a measure éf V is needed to define E which leads to a
second problem. Again by convention, v is frequently taken as the

ratio - 63/8 from tests conducted under a combined stress field.

1,

To arrive at a theoretically consistent measure for v, a ratio formed

from equations 55 and 56 when solved for V results in the expression

. O, = RO
v=|—3 1 (79)

°1 +c3 - 2Rc13

where R = €3/€1, a quantity computed directly from test results.
Experimental results from this résearch will be presented in the con-
ventional soil mechanics format. Deviator stress versus axial strain
relations will be plotted under the presumption that v = 0.5, and the
slope of such plots will be désignated ED. However, the significance
of eﬁaluating E and v such that they are consistent with the elastic

- constitutive lav will be considered. Also it is important to realize
that the parameters E and Vv derivéd in such a manner for a soll are

not in reality elastic parameters.
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PRESENTATION AND DISCUSSION OF RESULTS

Conventional Tests

The purpose of this part of the‘study is to define strength and
deformation parameters and observe the character of the soil tested by
conventional methods. It might be speculated that differences observed
between the results obtained from conventional and deformation restraint
apparatus might be attributed to conditions imposed by the apparatus
itself. For example, the proposed apparatus enforces a nearly cylindrical
geometry on a séecimen. Knowing whether this géometry influences the
strength or deformation properties of a‘soil is Important to the analysis
of results from deformation restraint tests,

Unconfined compression

Six specimens were tested in unconfined compression while pairs of
opposing, radial deformation measurements were made at the mid-height.
To minimize end restraint bulging, lubricated rubber-teflon interfaces
were provided at the ends'of the 5.6 inch long specimens. Unconfined
ultimate or maximum strength, 9 and deformation modulus, Eu’ were

found to be:

q, = 33.8 + 3.74 psi

E = 909 + 91.5 psi
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The numbers following the + sign represent sample standard deviafion,
and CV for 9, and'Eu were 1; and 10 respectively. The fivefold

increase in CV over that measured for volumetric properties suggests
that such factors as dry unit weight or void ratio may not be indicative
of variation in strength or deformation modulus.

Figufe 18 is a typical stress-strain plot from which the summarized
data were obtained. Hysteresis occurring with unloading cycles indicates
the relatively linear nature of the loading curve and does not imply a
truly elastic material. Ubon reaching ultimate strength, failure was
abrupt, implying incons;stency with the Drucke;'model whieh requires
a stable material.  |

Resules of the radial deformation measurements are plotted in terms

of v and 0,, in Figure 19. The tests show varied linear relations up to

1°
o, = 30 psi, a stress level which also ;esuLts in vV exceeding 0.5. This
phenomenon is common for many soils displaying a tendency for volumetric
dilatancy. Erratic values for V occurring near failure stress levels are
attributed to the measurement technique. All of the unconfined specimens
failed along well defined shear planes, which if by happenstance were
oriented perpendicular to the direction of radial deformation measurements °
would produce exaggerated valuee of v. An‘important result, observable in
Figure 19, is that for this soil Vv is not a constant as is often

presemed in‘many geotechnieal adaptations of elastic theory. Also the

material appears to be totally compressible, €y = 0 up to stress levels

ranging from 5 to 15 psi.
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Shear strength

Twenty hydrostatically consolidated 5.6 inch long specimens were
sheared at different constant confining stresses in conventional
triaxial apparatus and in the experimental deformation restraint device.
Drainage was allowed during qonsolidation, and the shear phase was
conducted ﬁnde: undrained conditions with porevpressure_méasurements.
For all specimens, the maximum'pore pressure measured was less than the
precision of the principél stress measurements; therefore, it is pre-
sumed that the consolidation dréinage pheﬁomehon is not a factor in this
evaluation.

The first three lines in Table 13 are a summary of the shear
strength parameters derived from a least squares iinear‘regression on
the data shown in Figure 20. A linear relation more than adequately
defines the faillure envelope, and comparison of c and ¢ obtained from.the
two apparatuses indicates that the figid boundaxies of the DR apparatus
have littlg if any influence on ;he strength 6f the material. The 0.6
psi difference in cohesion and the 1.4 degree difference in expected
friction angle could easily be due to variations in specimens and
measurements. The near identical strength paraﬁgters also suggest
that boundary friction is minimal, and that ultimate strength resulting
from total plastic flow within the bounds of the cylindrical geometry.
establishgd by the deformation restraint device is the same as a more
1oca1ized failure occurring in the middle zone of triaxialvspecimens,

Another interesting outcome from these tests is the fact that CV on the
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Table 13. Summary of ultimate strength parameters, 03 = constant
Test né bb tan of céi g€ ¢?i g€ 2g CVh
Description psi- psi degrees R %
Triaxial Test 18 7.60 0.5635 9.2+0.4 34.340.3 0.9987 2.2
Deformation
Restraint
Apparatus 18 6.97 0.5840 8.6+0.4 35.74+0.4 0.9983 2.3.
Composite
Triaxial &
Deformation _ :
Restraint 30 7.47 . 0.5706 9.1+0.4 34.8+0.3 0.9978 2.3
Direct Shear 3 - - 12.343.3 34.6+5.2 0.9830 7.9
Stage
Triaxial
Test A 4 9.81 0.4423 10.940.4 26.3+0.3 0.9997 0.6
Stage
Triaxial ’ c i
Test B 4 11.57 0.4849 13.240.7 29.040.5 0.9993 0.9
Composite
Secondary
Failure 17 4.81 0.5415 5.743.2 32.8+2.0 0.94109 6.8
2 = number of tests.
bb = intercept from q - p regression.
Ctano, = slope from q - p regression.
dc = cohesion.
s = gtandard deviation.
£

¢ = friction angle

gR = correlation coefficient.

CV = coefficient of variation.
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model is of the same magnitude as the physical properties of the original
specimens. For a lineaf regression of q on p, CV is the standard
deviation divided by the exéected value for q at the mean value for p.
Since data from the triaxial and deformation restraint apparatus are
quite similar, the regression on the pooled data, (line 3, Table 13),
shall be used as a reference for further comparisons.

Four of the tests plotted in Figure 20 were performed on specimens
in violation of the length to diameter criterion established for
triaxial testing. Specimens of 3, 4, and 5 inch lengths were tested in
the deformation restraint apparatus‘with the resulting strengths showing
no apparent difference in shear strength realized ffom’fhe longer
specimens. This observation also supports.the contention tﬁat boundary
'friction is ﬁot significant because side shear stress should bé a function
of specimen length. Also, use of shorter specimens to achieve the same
result could be important to the practitioner. Field sampling sometimes
produces fragmented specimens.

Results of the direct shear tests previously discussed are also
presented in Table 13 for comparison with the triaxial data. The
relatively small ngmber of direct shear data points producedAresults _
quite consistent with those from triéxial and DR apparatus. Apparentiy,
difficulfies such as progressive failure and predetermined failure planes
were noﬁ significapt for the compacted loess.

Another aspect ofvthe conventional shear strength analysis is to
gvaluate‘the influence of staged triaxial testing on strength parameters.

Stage tests A and B in Table 13 are results from two experiments in which
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one data point was measured by normal procedures. However, rather than
conclude the tests, confining stress was increased at the first sign of
limiting deviator stress, and loading was continued. When compared to
resultsvfrom normal tests, the staged technique produced a pfonounced
decrease in friction angle and increase in cohesion. Strength param-
eters from a regression on several secondary failufes excluding first
failure points are also in Table 13. For these data, the friction angle
is ﬁear that obtained from the conventional firsf failure tests, but
cohesion is nearly halved. These observations tend to support the con-
tention that the strength of the compactéd loess 1s sensitive to the dis-~
ruption of cohesion. A test sequence producing one point from an intact
specimen, which includes the full cohesive compoﬁént, followed.by tests
producing‘hdditidnal sFrength_from ihterfpﬁrticulﬁte friction'ﬁould tend
to rotate the fallure enveloped clockwise, émplifying ¢ and undersféting
¢. Parameters derived from tests excluding intaét cohesion suggest that
¢ is relativel& independent of progressive faiiures, and that about one
half the cohesion is destroyed by strain producing‘uitimate strength.
For this soil, practical implications of continﬁous staged testing are
that shear strength could be oVerestimated'by as much as 45 percent at
low normal stress and underestimated by 25 when normal stress is'high.

Deformation properties

This portion of the investigation is an analysis of the deformation
response of specimens subjected to direct shear'and constant confining
stress in the triaxial and deformation restraint apparatus., Stress and

volumetric strain versus displacement results for three direct shear
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tests are in Figure 21. In this apparatus, the material should be
characterized as unstable because of the lower residual shear strength
occurring after ultimate strength is achieved. During shear, the
material displayed a slight volumetric decrease or positive volumetric
strain followed by more pronounced dilation, commencing before very much
of the ultimate strength was realized. This suggests that particle over-
riding is a major contributor to shear strength, and that the void ratio
is less than the critical value.

Figure 22 illustrates the influence of the triaxial apparatus on the
deformation behavior of the material. The deviator stress versus major
principal straln curves suggests a stable material and demonstrates
difference in behavior éf the same soil subjected to failure.on a dis-
crete p;ane as opposed to that occurring imﬂa zone. 'Specimens’tested
under constant confinement in the triaxial apparatus did not display
discrete single faiiure planes as naturally occurred in unconfined
tests or was forced in the direct shear tesﬁs. At the conclusion of
the test, triaxial specimens displayed a pronounced bulge.over the middle
one third of the specimens, but this highly deformed zone contained no
observable slip planes. Availability of more materiai to resist deforma~
tion in the triaxial mode should enhance the potential of strong elements
picking up load after weaker neighbors have failed, thus explaining why
the déviator stress in Figure 22 did not decrease after reaching a
limiting value. A comparison of soil behavior in a triaxigl apparatus to

that for unconfined tests suggests that stability is also influenced by
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Figure 21.
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degree of confinement. Thus the validity of a yleld condition load-
deforﬁation model as that proposed by Drucker may not only be a
function of the material but also operational stress states.

Stress-strain and volumetric behavior of the remolded loess under
constant confinement in the deformation restraint apparatus is shown
in Figure 23. In terms of stability, both the triaxial and deformation
réstraint apparatus produced very similar results. Comparison of volu-
metric responses in the lower graphs of Figures 22 and 23 shows measure-
ments from the deformation restraint apparatus produced much greater
compressive and dilative volumetric strains than the conventional triaxial
apparatus. This seems logical in that end friction associated with
normal triaxial testing shéuld induce arcomplex combination of compressive
and dilatory zones. Thus, the triaxial volumetric measurements and
dependeﬂt strain computations represent an average. Since the deformation
restraint apparatus insures that all elements of a specimen undergo
similar voiumetric activities, a more truthful measure should be possible.
Unrealistic Qolumetric measures from triaxial tests may be a partial
explanation for Drucker's plastic potential overpredicting dilative
behavior.A Thus far, verification has been based on triaxial testing,
and if the dilation occurring within the active:zone could be measured,
better correlation between experimént and theory might be possible.

 The ratio of principal strain‘is plotted against the axial strain
for trigxial ana DR tests in Figures 24 and 25. An obvious difference

between the two sets of results is absence of initial radial strain and
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subsequent development of large strain ratios measured with the DR
apparatus. Axial compression without radial étrain is consistenf with
observations from unconfined tests, and the high strain ratios are
representative of dilatant behévior. More radial strain being compufed
from DR apparatus data suggests that the physical averaging process and
the computational assumptions used for triaxial data may lead to
erroneous perception about material behavior. The fact that this soil
is capable of undergoing axial compression without radial extension has
been measured in the uncomplicated unconfined conditions. The same
phenomenon occurs for specimens undérgoing shear but subjected to constanf
confinement. A look at the erratic strain ratio results occurfing for
low axial strains in Figure 24 also makes the conventional triaxial test
suspect.

The‘influence of rigid boundaries on deformation éroperties is
illustrated by Figure 26‘where the slopes of deviator stress versus major
principal'strain responses are plotted against confining stress. Pro-
nounced scatter 1s common to data from both the triaxial and DR apparatus.
A least squares regression summarized in Table 14 represents expected
values for deviator stress modulus. The glope of the regression curves
for the_triaxial and rigid boundaries suggests that boundaries do
influence deformation modulus. The difference becoﬁes more pronounced
as confinement is increased and for the upper Gl vaiue evaluated, ED
from the DR apparatus exceeds the equivalent triaxialvresult by about
10 percent. Kinematics of particulate motion can at least subjectively

explain this observation. The DR apparatus should offer fewer options
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or paths for particulate displacement than that allowed with triaxial
boundary conditions. Elimination of some of the easy displacement
paths means more energy is required for a bulk displacement, thus a
higher modulus. The practical significance of this observation is not
clear. It is unlikely that soil elements within.a continuum are forced
to maintain rigid geometries. Elastic theory, elastic-plastic finite
element analysis, and model studies indicate that distortions occur
continuously. It is just as unlikely, however, that the bulge in the
middle of a triaxial specimen models this continuous distortion.
Deviator stress moduli for speeimens of different lengths are elso
plotted in Figure 26, but scatter ip the base data makes it difficult to
assess whether specimen height makes ; difference in modulus. Although
the amount of data available are insuffieient for a proper statistical
analyeis; residuals based on the expected values from the regfession
analysis may be useful in making a judgmental assessment. A look at .
residuals, summarized in Table 15, shows that maximum variation from the
expected modulus occurred with‘5.6 and 4.0 inch long specimens. The
shorter specimens do show some scatter, but ehe magnitude does not
appear to be inconsistent with that of the standard specimen length.,
Since the expected value comes from the 5.6 inch long specimens, the fact
that individual points for the 5.6 inch specimens produced residuals as
great or greater than the shorter specimens suggests that sample length

may not influence E Theoretically there is no reason to suspect that

D.
specimen length is a factor, but additional tests would be necessary to

provide convincing experimental evidence.
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Table 14. Regression for deviator stress modulus

Intercept ¢
Test n psi Slope R? cv
Triaxial 14 875 + 128 89.1 + 4.6 0.9688 12.5
DR 14 903 + 96 99.9 + 4.3 0.9765 10.6

Composite 22 912 + 126 92.8 + 4.5 0.9538 12.1

Table 15. Residuals of deviator stress modulus for different specimen

lengths
Approximate Confining Specimen Length Resdidual,
Stress, psi inches - psi
10 5.6 : ~552
5.6 129
4.0 364
3.0 175
40 5.6 90
5.6 . 36
5.0 ‘ 71
4.0 645
3.0 | 18 |

2.0 ’ -380
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Using the DR apparatus results from Figures 23 and 25, V was
computed by equation 79, and the results are presented in Figure 27,
The obvious difference between the strain ratio and v is that values
based on theory are far better behaved. Where the strain ratio is zero,
V ranges between 0.25 and 0.4 which is in essence the same values that
would be derived from a_constrained test., This is because R = 0 in
equation 79, results in the equation for v under constrained conditions.
Another interesting feafure evident in Figure 27 is that the relationship

between v and R is not dependent on © This feature should be useful

3¢
if a variable parameter constitutive law for numerical analysiswég:
desired. . The fact tha; VvV does not exceed 0.5 prior to failure also
leads support to the legitimacy of adapting the élastic constitutive
law to this soil.

The influence of appropriate values of vV on the parameter E can bg
seen in Figure 28. Here the ratio E/ED was formed using equation 78
and experimental values for ED' The results are plotted against the
ratio of principal stresses. Again when expressed in terms of normalized
variables, the confining stress is not significant. S;nqe ED for each
specimen is constant, E 18 a variable dependent on the ratio of principal
stress. In all cases, E takes on values less than the experimentally
determined ED. The nonlinear part of the relafion described by the data

in Figure 28 is attributed to the fact that E_ in the region of low stress

D

ratios is not linear as was assumed in the computations. Low stress

ratios correspond to near failure conditions.
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Figure 28. Theoretically derived deformation modulus
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Constrained tests

Ko or tests in which zero lateral etrain is maintained were conducted
using commercial consolidation and DR appafatus. The objective of these
tests was to verify results from the experimental apparatus and determine
whether deformation'response is influenced by such factors as manner of
load application and specimen treatment. The original 2.8 inch diameter
specimen was prepared for the oedometer with a sharp trimming ring which
sizes the specimen to fit the 2.5 inch diameter chamber. In the DR
apparatus, the constrained ‘test was performed by monitoring radial
deformatioq and adjusting radial stress. Thus,the €g = 0 condition was
maintained within the limits of measurement preeision or 0.02 percent
radial strain.

Principal stress and st;ain from both tests are plotted in Figure
29. A first look et the oedomeeer data suggests a difference between the
_test modes. However, if the influence of time dependency is reduced,
the results are comparable. With constantideformetion rate loading of the
" DR apparatus, measurements relating stress to strain verge on representing
an instantaneous connection between the two phenomena. In the oedometer
apparatus, a constant stress is applied and deformations are monitored
until they cease or become small. For this test, the first deformation
was measured six seconds after increasing the load aed within 10 minutes
time dependent deflections ceased. Figure 29 shows what appears to be a
relativeiy small degree of time dependency for the material. However,
for the oedometer, this time depeqdency is accumulative and can be

adjusted toward the instantaneous case by subtracting the time-dependent
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strain components occurring at previous load levels. Such an adjustment
is shown by the $o0lid circles and agrees quite well with the stress-—
strain data resulting from the DR apparatus. A possible refinement in
the adjustment technique would be to determine thé instantaneous deforma~
tion by plotting strain versus time and extrapolating to zero time.
Such a procedure should shift the‘consolidatibn data closer to the
instantaneous DR results but would be as questionable as the extrapolation.

According to the system proposed by Janbu, this material would be
categorized as constant modulus, w = 1, overconsolidated soil with the
slope of the straight line part of the stress-straih curve defining m
in equation 34 as being 10,000 psi. Since this soil has been éubjected
to an overconsolidation streés of about 1200 psi, this portion of Janbu's
methodblogy seems valid. An inconsistency does arise in the inter-
pretation of the curved part of the stress-strain plot. The stress at
which the curve begins to run linear would be interpreted under the
Janbu analysis as the point defining in situ vertical stress. For this
soil, 70 psi represents such an in situ stress that has never occurred.
Change in curvature probably has meaning relative to particulate
behavior during loading. The stiffening occurring at low stress levels
could be an indicationvof particle shifting and densification, while the
constant modulus represents the influence of deformations w;thin
individual particles.

To obtain a fuﬁctional relatian between stress and strain, the con-
strained DR data were fit with a hyperbolic function proposed by Drmevich

(16). The following hyperbolic relation is presumed to represent the data
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cf. Drnevich (16) (80)

1+

o] o
B IH

where Mi is a constant representing the initial slope of the hyperbolic
curve and €, is a constant defining the asymptotic limit. Equation 80

can be transformed to a form suitable for linear regression as

(81)

The constants Mi.and em can easily be evaluated and the constraihed

tangent modulus, Mct’ can be determined by taking the derivative of

equation 80 with respect to € This results in

lc

£ 2 :
M. =M L (82)

ct 2

i

(e, - &)
For the work that follows, it is more convenient to express Mit in terms
of stress rather than strain, and such a formulation can be achieved by

solving equation 80 for €. and substituting the result in equation 82.

1
This manipulation results in

M. =N (-?—1— +1)2 (83)
ct i Miem

For the constrained DR data, the regression of dllel on 01 produced the
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constants: Ml = 16.88 and €, = 4.22, R2 was 0.9931 and CV was 2.2
percent, Results of the hyperbolic fit are drawn in Figure 29.

An alternative way of viewing the results of the constrained test
is through the relations occurring between major and minor principal
stresses onva p-q plot. Results of the DR apparatus constrained test
are presented in Figure 30. A linear regression for the data with the
point at the origin being omitted, resulted in an intercept of 3.3 psi
and a slope of 0.5278. For comparison, the empitical relations for at-
rest earth pressure proposed by Jaky (équation 35) and Brooker and
Iteland (equation 36) are also plotted for ¢ = 34.8 degrees. At first
glance, there appears to be a sizeable disparity between the results
obtained from this research and previous work. The Ko line for the
loess has a steeper slope, and the regfession suggests an intercept or
an upward positional translation. In terms of stress transfer capacity,
the position of the experimental Ko line means the loess is capable of
transferring a smaller proportion of its axial stress to the radial
direction than materials described by the classical relations. Actually,
the regression intercept probably represents nothing more than an
operational parameter, useful for describing the data points occurring
beyond the first measurement. The dashed line in Figure 27 seems a
more logical stress path.

One way to evaluate the results shown in Figure 30 is to presume
that particulate displacement occurring during constrained loading is
resisted by inter-particulate sliding friction and not dilation. Using

energy principles, Newland and Allely (48) showed that the internal
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friction angle of a dilatant soil could be separated into a sliding
friction component, ¢s, and an overriding component, 8 which relate to

friction angle by

¢ = ¢S + 0 cf. Spangler and Handy (58) (84)
where
dv '
tan 9 = Iy cf. Spangler and Handy (58) (85)

in which dV/dA represents the slope of the height-displacement curve
from a direct shear test. For the 1.73 inch high specjmens used in the
direct shéhr results presented in Figﬁre.Zl an average value for dv/dA
is 0.190. This means g = 10.8° and ¢s = 24°, Lambe and Whitman (41)
report sliding friction angles for soil components as ranging betwéén

8 to 34 degrees, depending on surface moisture conditions and
mineralogical composition. Thus,the 24° measured for this material is
not unreasonable. Transformation of the sliding friction angle to the
p-q plot can be accomplished with equation 5a proaucing the following |

result

tan o = sin 24° = 0.41

When plotted on Figure 30, the sliding friction slope, designated as the
Ks line, coincides with‘Jaky relation. Thus,if separation of frictional
and ovefriding components by Newland and Allely's method is valid, the

Jaky relation used for this material represents stress transfer by
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sliding friction.

Jaky's relation as presented in the English language litergture was
taken from a 1948 publication (34) devoted to pressure in silos where
equation 35 is presented without proof. Thus, many have apparenfly taken
the equatdion to be of empirical origin. The actual development is
presented in an earlier paper (33) written in Hungarian. Althdﬁgh the
development was difficult to follow, it seems that'l - s8in ¢ represents
an approximation to a theoretical derivation based on the angle of
repose for granular materials. Since ¢ is known to be very much a
function of void ratio and since granular ﬁaterials when dumped into a
bile defining the angle of repose'usually find themselves in a loose
state, the shear strength under such conditions should not include a
dilatant component. Thus, the essence of Jaky's re;ation is stress
transfer in a medium characterized by sliding frictidn,

The truly empirical relatio# proposed by Brookef and Ireland for
cohesive soils should be more conéistent with the loess used in this
. study. As can be seen in Figure 30, there is actually very little
difference between the Brooker and Ireland and qaky relations, The sult-
ability of Brooker and Ireland's equation was questioned becausé it was
developed from tests on materials having much lower friction angles.than
the loess. Also,there seemed to be considerable amount of scatter in
the data presented in reference 6. Thus,as a matter of interest, a re-
gression of Ko on sin ¢ was performed with the original daﬁa to determine

whether variability could be an explanation for difference between the
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two sets of data.‘ The surprising result obtained from Brooker and

Ireland's data is that a regression produced the relation
Ko =1 - 1.17 sin ¢ (86)

which plotted in terms of p and q is significantly different than the
original equation. In fact, if the intercept were excluded, the experi-
mental results obtained from the present research is in close agreement
with the results obtained by Brooker and Ireland. The data used in the
regression for equation 86 are presented in Table 16. The squared
correlation coefficient was found to be 0.9412, which is much higher than

expected.

Table 16. At rest earth pressure data after Brooker and Ireland (6)

Material K, ¢, degrees sin ¢
Bearpaw shale .70 15.5 0.2672
London Clay .67 17.5 0.3000
Weald Clay «54 22.0 0.3746
Chicago Clay 47 26.3 0.4431

Goose Lake Flour .50 27.5 0.4617

Inter-particulate cohesive shear resistance which would be additive
to sliding shear components is at least one reason why cohesive soils
display an ability to transmit less axlal stress in the radial direction

than do materials possessing sliding friction alone. Cohesioh in the
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materials used by Brooker and Ireland was destroyed by pulverization,
and the field conditions simulated by their tests should be the natural
deposition process for normally conéolidated materials. It may be
postulated that as stress was applied to the cohesive soil, bonds at
particle contacts were created as a result of high localized normal
stress. These bonds were then available to resist stress transfer by
mechanismg similar to that of sliding friction. ‘The material used in
this research possessed an intrinsic strength which might be thought of
as an additional constant additive component to shear resistance which
operates 1in conjunction with new bonds, created during the reloading
process. The constant cohesive component is manifested as the intercept
observed in the p-q plot. The fact that the constrained intgrcept is
less than that for maximum strength.can be attribuﬁed‘to limiged relative
particulate displacement allowed under constrained conditions.

An accurate assessment of at-~rest earth pressure 13 important tp many
aspects of geotechnical design. As‘previously described,; the stress path
method depends on Ko relations to reestablish in situ stress. Also,
application of the finite element method requires an initial stress
definition as a starting point for incremental analysis. It seems that
the empirical relation previously established for»cohesiye soll could be
a partia} cause for prediction errors for methods depgnding on Ko. For
this research, definition of the Ko line is important because it places
limits on the results of défqrmatiﬁn restraint tests. Since k = ® in the

restraint function also represents the K° line, and 1f the soill being
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tested cannot achieve strengths greater than that defined by conventional
tests, the results of deformation restraint tests should fgll within the
ra;her narrow band established by the Kf and Ko lines.

As for stress and strain, an empirical functional relation for
stresses occﬁrring under constrained conditions will be useful for
analysis of k~path results. Figure 31 represents the results of a
slightly different form of a hyperbolic fi; suggésted by Duncan and Chang
(19). 1In this case, the ratio of at-rest earth pressures,'Ko = 03/01

is expressed as a function of oy in the following manner

%1

Ko = g+h 01

cf. Duncan and Chang (19) (87)

Equation 87 can be rewritten in a linear form as

NIHQ

=g+h o4 : (88)
o

which is conducive to linear regression. Results of such a regression

defined the constants g = 97.8 and h = 2.88. Statistical measures on the

regression are: R2 = 0,9891 and CV = 4.8 percent.

Deformation Restraint Tests

Having established standards for ultimate strength, deformation
properties, and volumetric behavior under the influence of constant con-

fining stress, this portion of the experimental evaluation is devoted to
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observing soil behavior subjected to boundary conditions definéd‘by the
restraint function given in equation 54, First, an attempt is made to
experimentally define a restraint constant, k, which produces ultimate
strength., With a yield strength k established, the significance of
restraint can be evaluated by systematically changing its value.

Shear strength

Figure 32 shows the results of a test performed such that failure
stress conditions defined by conventional procedures were forced to pre-
vail. .The specimen was hydrostatically consolidated, taken to ultimaﬁe
strength by reducing confining stress, and then forced along.the Kf line.
This test is similar to a staged test but has the distinction of not
developing excessive strain thought to influence cohesion, Since this Kf
test defines limiting strength, the radial stress-strain relation could
repraesent a unique restrailnt function. Figure 33 is a plot of the radial
stress-strain relation resulting from the Kf portion of the test. The
curve is linear up to 0y = 20 psi and is strikingly similar to the axial
stress-strain response for two of the unconfined tests. The slope.of
linear portion of the radial st;ess—strain response was determined to be
1159 psi, and this value will be taken to define k in the single parameter
restraint function. ‘

Results of tests in which k was arbitrarily set between 200 and 12,000
psi are shown in Figuresl34 a-f. A comparative reference is provided

through the K_. and Ko lines, and the position for average unconfined

b
strength is shown with the large dot. vWithin reasonable bounds of
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experimental error, the stress paths developed for all k values selected

were confined to the region defined by K_ and Ko lines. For k = 200

£
psi and 600 psi, the stress path ran along a 45 degree line until the

unconfined strength was reached, followed the K_. line, and then fell

£
below the limit for conventionally defined ultimate strength. In view
of the observation that this soil is sensitive to loss of cohesion

during staged testing, divergence from the K_ line could also be the

f
result of cohesion loss due to the excessive strain permitted by small
restralnt constants. As k was increased, the resulting stress paths
shifted from the Kf to the Ko line with results from the k = 12,000 psi
test falling on the constrained stress path. The restraint constant for
the stiff Iowa K-Test mdld happens to be 12,000 psi and k for the
commercial model 1is about 230 psi.

Although the stress path fell slightly below the K. line, the test

f
where k was set at 1159 psi produced the best estimate of ultimate shear
strength of the entire set of tests. Slight disagreement with the Kf
line could easily be due to sample variation, but the important result
is that the stress path did not systematically diverge below the Kf line
as the test progressed. This suggests that there may exist a unique
restraint constant which limits radial strain such that the net loss in
cohesion is not measurable.

Accuracy of the deformation restraint tests in predicting ultimate

strength of the soil can be eva1uated by performing a least squares

regression on the p-q data. The regression coefficient can then be
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transformed to ¢ and ¢ as was done for the ‘constant 03 tests, Table 17
is a summary of these regressions perfofmed after deleting data points
which are not bertinent to the failure cricerion. For gxample, points
occurring at stresses below the unconfined strengfh should not be in-
cluded because the material hag not failled. Also, the points falling
below the Kf line in the k = 200 test, Figure 34a, could logically be

omitted on the basis of recognizing the mechanism of lost cohesion.

Table 17. Summary of strength parameters from deformation resistent
tests

Test a c+s ¢ +s 2
Description n psli tan a psi degrees R Ccv

=200 psi 13 5.6 0.6410 7.3+0.4 39.940.8 0.9951 1.0
= 600 psi 40 10.0 0.5109 11.6+0.5 30.740.4. 0.9927 2.3

= 1,159 psi 18 6.8 0.5485 8.240.5 33.3#0.4 0.9976 1.3

k

k

k

k = 3,000 psi 13 2.0 0.5328 2.440.5 32.740.4 0.9986 1.3.
k = 5,000 psi 11 6.5 0.5148 7.6+1.4 31.0+1.0 0.9880 2.3
k

= 12,000 psi 23 5.6 0.5043 6.4+0.3 30.3+0.5 0.9988 -1.5-

The regression statistics, R2 and CV in Table 17, iook good for all of
the tests but there obviously exists quite a range in ¢ - ¢ parameters.
Although c and ¢. are used to determine strength in design equations, their
ultimate purpose is to define shear strength at specific normal stress
levels. Thus,a more direct way df asseséing the accuracy of deformation

restraint tests is to compare shear strengths as expressed in equation 4.
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Using composite conventional test ¢ - ¢ values from Table 13 to determine
a base strength, Tb, and computing the ratio T/Tb where T is the éhear
strength based on deformation restraint test parameters, a relative
measure of shear strength varying with normal stress can be established.
The results of such computations are shown in Figure 35. The limiting
boundaries are establighed by 'r/'rb = ] and the line labeled aé Ko' One
observation which can be made from Figure 35 1s that shear strength can
be overestimated by a factor of about 1.2 when k is set at 600 psi or less.
This rather significant error can be due to two causes. First, in the

k = 200 psi test, Figure 34a, few points actually fell on-thg Kf 1ine; and
the regression interpretation was significantly influenced by points
occurring Betweeh the unconfined cutoff and the Kf line. For the k = 600
psi test, Figure 34b, the gradual loss of strength occurring when p was
greater than 70 psl produced a high ¢ and low ¢ which resulted in strength
overestimated for ch less than 30 psi.

When k was 1159 psl or greater, estimates on strength were conserva-
tive, and with the exception of the k = 3000 psi test, the results we;e
consistent with the Ko limit. Obviously, a conservative strength
estimate fbr this soil could be achieved by arbitrarily setting k at a
large value and as long as normal stress is also large, the conservatism
for this soil should be limited to about 0.8 times the base strength.
Howéver, in many geotechnical applications, the apprdpriate normal stress
range is determined by the unit weight and depth of the soil. To

illustrate, from the geometry of the classic bearing capacity solution,
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Figure 35. Shear strength comparison
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the maximum depth of influence 1s roughly the width of the footing. Thus,
for a 20 foot wide footing on 100 pcf soil, normal stress on portions of
the rupture surface would be on the order of 15 to 20 psi. The only
test results providing consistently reasonable estimates at low normal
stress levels are from the k = 5000 and k = 1159 psi tests. Obviously
the reetraint function corresponding to the unconfined stiffness, k =
1159 psi, provides the best estimate for shear strength. At On = 20
psi shear etrength is within 6 percent of the base value. |

Use of the unconfined deformation properties of a soil to establish
a restraint function, which produces acceptable measures of shear
strength, has important practical significance. If such a procedure
were valid, it should be possible to define the appropriate restraint
constant for a specimen by evaluating the slope of the axial stress-
strain deta prior to fallure, and then applying the stiffness defined
by Eu as restraint. As an additional experimental check on the validity
of using axial unconfined deformation properties to define restraint
functions, a second test was performed. In this test, however, an
attempt was made to include the influence of minor loading nonlinearity
and decrease in strength occqrring after yileld as typically displayed
in Figure 18. The composite axial stress-strain data was regressed on
all possible iterations of a third order polynomial with the best fit |

based on R2 being the equation

=7.39 €, +1.76 ¢ 2 _0.43 513 (89)

9 1
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By arbitrarily éetting 03 =0y and €3 = €7y in equation 89, and treating
expansive radial strains as positive, the unconfined restraint stress
path results shown in Figure 36 were obtained. The results are sligﬁtly
better than the k = 1159 psi test. The cluster of points occurring at
the end of the test resulted from the restraint decrease resulted from
the unstable portion of the unconfined tests. |

To evaluate the performancg of the stiff Iowa K~Test mold, a Proctor
sized spegimen of loess was tested. The results of this test are also
shown in Figure 36. Obviously, the k = 12,000 psi mold provides a good
estimate of a Ko stress path.

Deformation properties

Stress-strain results for selected deformation restraint tests are
shown in Figure 37. As both the elastic and plastic theories pred;ct,
deformation is systematically and significantly influenced by the degree
of restraint. As might be expected, the experimental results support the
theoretical contention that as radial restfaint increases, so do axial
deformation properties. for the soil tested and the range of restraint
constants used, estimates of ED for the straight line portion of the
deviator stress versus axial strain curves rangé from 1250 to 6650 psi.
Since deformation predictions are linearly related to the modulus,
arbitrary selection of a restraint function could result in more than a
‘*.fivefold difference in predictions.

An interesting feature of the fan-shaped curves in Figure 37 is that

for deviator stresses less than 25 psi, the stress-strain behavior for
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all specimens is nearly identical and close to that for the average
unconfined tests. This is because lateral displacement during the early
phases of the test were either zero or very small, producing no
requirement for radial stress as stipulated by the restraint function.
This is consistent with the zero or small lateral strains measured in
the unconfined tests at low axial loads.

Volumetric behavior displayed in the lower ﬁart of Figure 37, shows
that degree of restraint dictates whether the material undergoes com-
pression or dilation. T6ta1 restraint produced volumetric compression
while k = 3000 psi produced volumetric compression until axial strain
reached 2 percent. Beyond this value, volume was constant. Restraint
constants at levels less than what have previously been determined as
allowing failure (esg. k = 1159 psi) produced initial compfession followed
by dilation. |

The initial compression can be explained by the specimen capacity
of undergoing axial stfain without appreciable radial expansion. However,
the dilatant or negative sloped portions of the curves could be
significant in defining the restraint constant which produces the best
estimate for limit strength conditions. The k = 200 and k = 600 psi
dilational slopes are approximately the same at 0.8,‘but when k was 1159
psi, the resulting slope was about 0.40. .Since'the theory proposed by
Drucker stipulates a relation between volumetricAstrain and failure
critérion, the fact that dilation is different for the k = 1159 psi case

might be useful in defining restraint conditions producing an ultimate
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strength stress path not influenced by loss of cohesion. Intuitively,
this seems possible because excessive dilation could cause disruption of
cohesive bonds.

Strain ratios measured from the deformation restraint tests are
plotted in Figure 38. Many features evident in‘this representation are
corollary to observations from the volumetric strain plot. However, it
is interestipg to note that strain ratios for the k = 200 psi and k =
600 psi deformation restraint tests are of about the same magnitude as
occurred in the constant confining stress tests, using the same apparatus.
Suppression of radial strain with increasing k is also evident.

Theory and experimental results

Since the elastic anq plastic theories have been developed in terms
of major principal stress»and strain; the deformation‘restraint da;a are
plottea in this format in Figure 39, to facilitate a comparison t§ theory.
"An obvious difference between the experimental results and the stress-
strain relétion devéloped from the elastic constitutive iaw is the in=-.

flection point occurring near ¢, = 25 psi. Equation 58 predicts an

1
increase in apparent modulus with an increase in k, but it also infers
straight radial lines passing through the origin.

Combuted values of v and E resulting from selected deformation
restraint tests‘are plotted in Figures 40 and 41. Poisson's ratio was
computed from equation 79 and shows a systematic dependence on k when

plotted against the ratio of principal stresses. As with the constant

confining stress tests, theoretical values for Poisson's ratio are not
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Figure 40. Poisson's ratio from deformation restraint tests
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in excessive violation of the V< 0.5 requirement of elastic theory.
Values for E were computed by extracting the positive root of the
bracketed term of equation 58 which was set equal to the'restrained
moduli measured from Figure 39. Common far all k's is a constant E when

0, was less than 25 psi. This is a reflection ¢f €g thus k and 0, being

3
equal to zero during early stages of the fests.' Under these conditioms,
the computed restrained modulus is identical to the slope of the axial
stress-strain relation. For stresses above 25 psi, it is obvious that E
is highly dependent on k with the greatest  values occurring for constrained
conditions. If the material were truly eléstic, E would be constant at a
value defined by unconfined tests. Thus,the results shown in Figures 40
and. 41 verify the stress dependency of the deformation pérameters, and
the need fbr assoclating these parameters with the appropriate stresses
if elastic theory 1s to be used to approximate soil behavior.. This
factor has been recogniéed in the formulation of constitutive laws from
numerical solutions such as the finite element method and should also be
- important to the application of less rigorous prediction techniques such
as stress path and the proposed k-path. |

At least in concept, the stress-strain relation developed from |
Drucker's hypothesis is consistent with the_expeﬁimental results in Figure
39 in that it allowé a bilinear deformatioﬁ response. Plastic strain
occurring after yield is defined by the second term in eqqation 64. The
axial stress-strain relation occurring prior to yileld should be that of

an unconfined specimen. The common initial slope in Figure 39 is about
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1170 psi while the average unconfined modulus is 909 psi. In part, the
difference in sloyes can be explained by a 2 psi radial seating stress
applied to the specimens prior to conducting the deformation restraint
tests. The influence of radial stress on modulus, summarized in Table 14,
indicates that 2 psi confinement results in a 200 psi increése in stiff-
ness. Thus,the initial part of the deformation_restraint tests shduld be
on the order of 1109 psi. Specimen variability could account for the
remainiﬁg difference. ‘

If Drucker's postulate is correct, the relationship established by
equation 64 should hold when the material has failed but undgrgoes
plastic deformation under the influence of elastic restraint. The stress
path representation for deformation restraint results in Figure 34 and
Table 17}suggest.that a unique restraint vaiue defining failure conditions
may exist when k = 1159 psi. If this restraint is unique, equation 64
states a relationship exists among k, af or ¢, and the slope of the plastic
stress-strain curve. To check the validity of this hypothesis, O and
the theoretical slope can be computed from equations 9 and 64 for each
restraint and ¢ parameter established for the deformation restraint tests.
If the material undergoes constrained plastic flow under the conditions
established by Drucker's hypothesis, computed slopes should be the same
as those resulting from the experiments. Results of such an analysis
are in Table 18 where the measured slopes were ;aken f;om Figure 39.
For the k = 200 psi test, a linear approximation representing the portion

of the curve between 2 and 5 percent axial strain was used. The last
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column of Table 18 shows the best agreement 5etween computed and actual
slopes does occur when k = 1159 psi, suggesting that ¢ = 33.36 and k =
1159 psi are the best parameter combinations producing results éon—
sistent with the theory. .

It is not surprising that results from the k = 3,000 and k = 12,000
psi tests were not in aéreement with the theory because the material is
not in failure. However, the p-q representations in Figures 34a and b

suggest that at least for part of these tests, specimens subjected to

Table 18. Analysis of plastic theory

Computed Measured

k ‘ o Slope Slope Actual Slope
(psi) (degrees) £ - (psil) (psi) Measured Slope
200 39.9 0.2005 674 1167 1.73

600 30.7 0.1632 1428 1920 1.34
1159 33.3 0.1744 3059 3225 1.05
3000 32,2 0.1697 7590 4760 0.63

12,000 30.3 0.1614 28,080 6250 0.22

200 and 600 psi restraint constants did achieve failure étregs conditions.
However, these tests did not satisfy the criterion established by the
Drucker hypothesis. Since the theory is based on energy principles,

this could suggest that there exists a unique energy input which

corresponds to the limiting strength of the material.
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If Drucker's hypothesis were valid for all soils, equation 64 could
represent a tool by which the restraint constant unique to the failure
conditions could be estimated. The g values in Table 18 vary only
slightly when compared to k. Since the two bracketed components of
the slope term in equation 64 depend on Oy it would be possible to run
a test with an estimated value, and by monitoring the resulting axial
stress-strain relation, make adjustments to k meeting the equality
established by equétion 64. An obvious disadvantage of this approach is
thg requiremeﬁt for continuous monitoring and feedback. Another potential
difficulty could be that'équation 64 does not apply to all soils. The

f
Soils displaying frictional strength without dilation are certainly a

Drucker hypothesis requires dilation if o_. or ¢ is greater than zero.
possibility. Nonetheless, the compacted loess used in these egperiménts
is one example of the suitability of- Drucker's hypothésis.

Probably the most important evidence resulting from the experiments
of this research is the unique role played by unconfined deformation
properties when used as restraint function. Theory as thus far
developed does little to explain this observation, but its experimental
consistency can also be viewed in terms of the Drucker hypothesis. Axial
stress-stfain results for three tests resulting in failure stress paths
induced elther by direct stress control or through unconfined restraint
are shown in Figure 42. Obviously, the phenomenon expressed in terms of
axial stress-strain is reproducible and consistent with the Drucker

postulate.
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An alternative way of visualizing the significance of unconfined
restraint is in terms of the geometry of the bearing capacity problem.
If the block shown by the dashed line in Figure 5 is taken as a reactive
element to the column of soll lying immediately beneéth the loaded area,
under circumstances where the surcharge is zero, this reactive block
might be taken as an unconfined specimen lying on its side. This model
suggests that the ﬁinimum possible restraint available to a primary

element 1s the unconfined restraint.

Settlement Predictions

The objective of this phase of the reéearch 1s to compare k-path
methodology to existing settlement prediction techniques. To accomplish
this goal, settlements ﬁill be estimated for a hypothetical problem
involving a 64 foot diamete;, circular loaded area resting on a thick
layer of soil possessing_the same properties as the niaterial used in this
regsearch. The oedometer and Lambe's stress path tests are used for com-
parison.

Stress path

With exception of being privy to a predefined Ko stress path, the
Lambe stress path evaluation was conducted under the constraints common
to practical application of the method. This means nothing is known
about V so it is presumed to be 0.5. The resulting stress control
parameters for superposition on the in situ stresses aré given in the

second column of Table 19. These ratios were computed from equations 30
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and 31 and the ratio, z/a, represents the depth, z, expressed as a
fraction of the load over radius, a. Rigorous application of stress
path methods would involve testing several specimens from various
positions withinAthe'profile. However, to reduce the amount of testing
and offer a look at the influence of different boundary conditions, tests
were performed at the z/a positions, 0.8 and 3.0} The 0.8 position
approximates Lambe's average element while z/a = 3.0 represents a deep-
seated specimen. The superimpoéed stress ratlos for the selected
positions are 0.24 and 0.02. The latter stress ratio means the increase
in lateral stress is nearly zero or the test is conducted’under constant

confining stress.

Teble 19. Settlement test control parameters

(1) . (2) ~ (3 (4) (5 ' 6. . (D
z/a k = 03/01 . sz, psi v Mct, ol E, psi’ k, psi
0 1.00 0 0 1688 1688 1688
0.2 0.71 5.4 0.05 1952 1944 2552
0.4 0.49 10.8 0.06 2236 2207 3902
0.6 0.34 16.1 0.10 3539 2482 %
0.8 0.24 21.5 0.12 2861 2770 -2188
1.0 0.18 26.9 0.13 3202 3072 - 338
1.5 0.09 40.3 0.16 4139 3894 - 312
2.0 0.05 53.6 0.17 5197 4811 0

3.0 0.02 80.6 0.20 7673 6940 0
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k-path
Control parameters for the k-path analysis are listed in columns

4 through 7, Table 19.‘ Poisson's ratio for the appropriate vertical
geostatic stress, czo’ was computed from equation 87, the hyperbolic

fit of Ko versus dl for constrained test results. Tangent values for

the constrained modulus, Mct’ are also dependent on czo and were

computed from equation 83, and E was computed from equation 70. The
~restraint constant as defined in equation 68 is listed in column 7.

By elastic theory, restraint should be posed by an active spring until
- z/a approaches 0.6, at which point the test could be performed under
constrained conditions. For z/a ranging from 0.8 to 1.5, a reactive
spring is appropriate and for z/a greater than 2, the superimposed radial
stress 1s zero as with the stress-path test. k-path tests were performed
at the same z/a positions as were used in the stress path analysis. The
z/a = 3.0 position represents identical tests.

‘Test results

A p-q representation of the results is shown in Figure 43. Although
the theories supporting both the k-path and stress path methods axe
identical, the stress paths resulting from the z/a = 0.8 tests were
different. The k-path produced a stress path lying closer to the Ko line
and did not converge on‘the Kf line as did the result from Lambe's
method. Under constant confinement (z/a = 3.0), féilure was expected.

Figure 44 1s a plot of radial stress-strain data resulting from the three
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tests. Obviously for the k-path tests, this plot represents nothing
more than a representation of the functional restraint applied during
the test. This does, however, serve as a check on the ability of the
incremental test procedure to apply a specified restraint. For the
z/a = 0.8 k-path, the specified slope is -2188 psi while the measured
slope from Figure 44 1s -2153 psi. Slopes and shapes of the curve for
the equivalent stress path test bear no resemblance to the k-path
restraint function. Much more radial strain was permitted by Lambe's
method.

Axial stress straip relations resulting from the k-path, stress
path, and one-dimensional compression tests are presented in Figure 45,
where the data have been adjusted to reflect deformations occurring for
vertical stress superimpoéed on in situ stresses. For superimposed stress
levels less than 30 psi, both the z/a = 0.8 k-path and stress path tests
produced nearly identical results. However, beyond this level, the
results diverged with the stress path result displaying an ultimate
strength and the k-path a linear stress-strain relation. Both methods
allowed more strain than the equivalent constrained test. At stress levels
below 10 psi, the z/a = 3.0 k-path and stress path tests resulted in
axial strain roughly equivalent to that of the constrained test.b As

would be expected, this consistency does not hold as the constant Og.

specimen continues on a 45 degree stress path, intersecting the Kf line.
In a practical sense, the superimposed stress acting on a deep-seated

element may be below the 10 psi level, making the difference unimportant.
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The stress-strain response in Figure 45 supportsatheilogic of
permitting lateral deformation in settlement prediction tests. Regardless
of whether boundary conditions are applied through Lambe's stress path
or the proposed k-path methods, the resulting stresséstrain relations
when applied to a settlement prediction will produce more settlemeﬂt
than the corresponding constrained test. The statistical analysis of
predictions from constrained tests indicates that greater settlement
predictions are necessary for consistency with prototype observations.
The important question is whether the k-path or stress path predictions
are accurate fépresent#tions of field performance. Since lagge scale
settlement data are not avallable for the ﬁatefial used in this research,
the oply method for gauging the suitability of the proposéd test 18 by
comparison to established procedures. As the singlé stress path
experience reported in the literature is of little statistical value, con-
strained or consolidation testing must serve as the benchmark. If for
comparative purposes the constrained tests performed for this research
are thought to represent a time-independent consolidation process by
virtue of air rather than water occupying the voidé, the statistical
treatment of the consolidation prediction record should represent a
valid comparative base. Applied stress versus settlement relations for
the constrained, stress path, and k-path methods are shown in Figure 46.
Computations were based on presuming the z/a = 6.8 specimen represents
the mid-depth of a 51.2 foot thick compressible layer and settlements

were computgd from strains in Figure 45. This approximates the average
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element concept for the stress path analysis, represents common
treatment of consolidation data, and presuﬁes that the z/a = 3.0
specimens contribute little to the overall settlement problem. The
latter presumption is fairly accurate because vertical stress 96 feet
below the surface is ohly about 10 percent of the applied surface stress.

It is obvious from Figure 46 that a large variation in settlemént
predictions, dependent upon the applied stress level, is possible.

When the surface stress 1s less than 30 psi, k-path and stress path
methods produce identical results and above this stress level their pre-
dictions differ signifiqantly with the stress path and constrained test
results defiﬁihg 1imits. Applying the knowledge that the constrained test
mechanism statistically underpredicts true setﬁlement by abqut 22 percent,
appropriately factored iaboratory results shown as a dashed line in
Figure 46 should represent_the best available estimate for field settle-
ments. For the stress range included in the experimentation, the k-path
method offers the best approximation.

The 105 psi limiting bearing capacity predicted by the stress path
is difficulf to justify when the ultimate bearing capacity computed
according to equations 23 through 29 1s 720 psi., This could reflect the
inadequacy of keying settlement predictions to laboratory tests on
specimens subjected to theoretical boundary stress conditions for small
elements located directly beneath the center line of thé loaded area.
Finite element evaluations of the bearing capacity problem (9) for an

elastic-plastic material have shown that localized yield first occurs
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along the line of symmetry, at about one radius beneath the footing, and
at load levels far less than those producing general failure in the
supporting material. This localized yield may be reflected in the
stress path result, and portions of the stfess settlement curve may not
reflect overall performance of the structure,

Another question arising from the results'in'Figure 46 is that if
both the stress path and képath methods are dependent on the same theory
to establish boundary conditions, why 1s there such a difference in the
resulté? A partial explanation may be in the assessment of V used to
determine the superimposed stress rétio for the stress path method. v
at the K0 stréss conditions corresponding to the zf/a = 0.8 position was
experimentally determined to be 0.12. Had this value been used to assess
the superimposed stress ratio, K = 03/01, Would have been 0.81 rather
than the 0.24 as used in the test. This thréefold increase in confining
stress would certainly stiffen the axial stress-strain response,
resulting in better agreement with the k-path results. Inability of
assessing Vv under the limitations of common triaxial apparatus makes the
theoretical validity of practical stress path testing suspect. When
viewed in the context of predictions commensurate.wi;h building design,
this problem is somewhat diminished because total settlement limitations
for many structures are in the range of 3 to 6 inches (Table 5), a region
for which k-path and stress path predictions are identical. For the
upper design limit of 12 inches, stress path in this example would result

in gross error while the k-path would overpredict by perhaps 9 percent.
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Lastly, there remains one nagging problem regarding the need for an
improved test. The entire analysis of settlement predictions is based
on the statistical adjustment of constrained tesf results, and this
adjustment produces results in exceptionaliy good agreement with the k-
path results. If the factored constrained results are truly repreéent—
ative of a prototype response on the méterial used in these tests, an
gqually strong argument can be mustered for simply using factored
oedometer predictions and alleviating the necessity of either k-path and
stress path tests. Since true prototype performance is not available,
the ohly statement that can be made about the k-path method is that it
tends to result in 22 percent greater settlement predictions than con-

strained testing.
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SUMMARY AND CONCLUSIONS

An analysis of information from the literature showed that soil
variability and-inaccuracy of consolidation settlement prediction
techniques are factors which can adversely influence geotechnical pre~
dictions for shallow building foundations. The need for improvement in
these areas substantiates the value of investigating the deformation
restraint test in the context of providing a quick, inexpensive method
for evaluating ﬁltimate strength parameters and better settlement pre-
dictions.

The experimental test program was conducted in phases so that a
1ink could be provided between conventional test reéults, and the trans-
ition to a deformation restraint apparatus which enforces cylindrical
geometry‘on a specimen. Under constant radial stress, imposition of
cylindrical geometric boundaries had no inflqence on ultimate strength
parameters of the soil tested. However, a slight increase in deformation
moduli was observed. Specimen length was evaluated in the DR apparatus
and was found not to be a significant factor in determining ultimate
strength parameters.

An evaluation of specimen length and deformation properties was not
conclﬁsive. Also, a difference was found when direct radial deformaﬁion
measurements from the DR apparatus were compared to equivalent computed
values from triaxia} volumetric measurements. Different radial and
volumetric strain patterns and magnitudes for similar specimens under

equivalent stress conditions were evident, and logic suggests the more
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direct measure may be appropriate.

A geries of deformation restraint tests shows that for the soil
tested the degree of reactive radial restraint provided to a specimen
dictates the resulting stress path. The upper restraint limit, being
k = «, represents a K.o stress path, and as k was reduced, the resulting
stress path shifted toward one defining the limiting strength of the
material. It was also found that accurate definition of ultimate
strength was sensitive to selection of the restraint constant. For the
compacted loess, the appropriate‘radial restraint constant was experi-~
mentally determined to be the restraint defined by the axial deformation
moduli of unconfined specimens. This observation was experimentally
verified on three occasions and supported by agreement between a theoret-
ical stress-strain relation developed from the Druckgr postulate and
experimental stress-strain results. This experimentation also illustrates
that arbitrary selection of restraint constant can result in significant
strength over-estimates when k 1s too large. Feedback control systems,
based on early phases of deformation restraint tests or a theoretical
plastic strain equation were suggested but not attempted.

The influence of k on deformation response of the compacted loess
was even more significant than its effect on the stress path. Use of
deformation restraint testing to predict éettlements requires some
logical means for stipulating the appropriate boundary condit;on, and a
methodology consistent with Lambe's stress-path method was developed.

Results of the proposed k-path technique were compared to those of
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constréined and stress path tests. The proposed method was found to -
predict greater settlement than constrained tests and equivalent or
less settlement than stress path, depending on stress level. An
adjustment based on statistical evaluation of field consolidation pre-

dictions showed excellent agreement to the k-path method.
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RECOMMENDATIONS FOR FURTHER RESEARCH

This research undoubtedly raises more questions than it provides
solutions. It was found that ¢ - ¢ parameters for a relatively incompres—
sible compacted loess could be accurately defined by deformation restraint
tests. Based on volumetric behavior, this class of soil represents a
wide variety of natural and artifically compactéd deposits; however,
deformation restraint testing of highly compressible and cohesionless
solls is still subject to question. It seems that answers to these
problems might best be resolved by careful experimentation on a material
representing the other extreme in volumetric cémpressibility and a
cohesionless soil. Exis;ing theories would reveal very little.

A comparative evaluation of the k-path method should also be con~
sidered. However, the case study approach to validating settlemenﬁ pre-
diction methods which seems to prevail in the literature would be of
little value unless enough tests could be pexrformed to assess tHe influence
of variability. Experience with soil variability and the hundreds of
tests which could be required for variability definition suggests that a
few case studies would resolve nothing. Thus, a bgtter validation might
be achieved through model studies where soil properties can be controlled
and variability reduced to a manageable level. This is in essence the
samé aﬁproéch used to validate the bearing capacity equation.

Although the versatility incorporated in the apparatus used for this

work makes it an excellent research tool. its complexity and cost
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renders it unsuitable for practical application. Since definition of
both ultimate strength and deformation parameters is dependent on k,
and because pocsible forms of practical tests leading to both types of
parameters call for definition of k during initial phases.of a test,
an apparatus of the form shown in Figure 47 is proposed.

The device consists of a segmented mold restrained by a hinged
band making contact with mold segments at the hinge points. The re-
active restraint is provided by a hinged, U-shaped restraint spring
incased in a stiff housing. The housing can be_moved along the spring
with a screw causing the spring to protrude different amounts, thus
providing adjustable spring constants. The position nearest the mold
should represent a Ko test. To allow application of initial stress or
take slack out of the restraint band, a stress control adjustment
forcing the hinged restraint spring inward shouid be provided. The
threaded adjustment could be replaced with a small air cylinder to allow
for stress controlled tests. The apparatus could be calibrated to
provide a relation between spring housing position, restraint constant,
radial strain, and radial stress monitored from calibrated strain gage
readings. Since ultimate strength parameters were found to be indepen4
dent of specimen height, it is envisioned that the apparatus length be
limited such that consolidation as well as‘ultimate strength can be
measured. Axial loading could.be accomplished either in conventional
consolidation or constant defdrmétion rate load frames.

Although the adjustable constant restraint mechanism could be

attached to the existing thin-walled Iowa K-Test, the segmented mold and
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restraint band is recommended to achieve a better approximation of
axisymmetric conditions. Some practical considerations of the apparatus
would be the need for a frictionless boundary on the interior of the
mold. This could be accomplished with overlapping teflon as was used
with the experimental apparatus, and a possible alternative to the
rubber membrane might be wrapping specimens in PARAFIIM M. This 1s a
low tensile strength plastic film which appears to have the near
frictionless properties when interfaced with a lubricated teflon surface.
Rubber membrane application is sometimes tedious, whereas wrapping
specimens in a £ilm to prevent moisture loss is easy and something that
must be done anyway.

Even though deformation restraint ;esting by defining strength
parameters from single.specimens has the éotential of increasing the
spead of limit strength testing and improving settlement predictions,
the statistical testing-deménds given in Table 9 strongly suggest that
this improvement in many instancgs still will not solve the variability
problem. Determination of eleven friction angles is feasible but 57 is
not. The least variable of settlement conditions calls for 31 samples
while the most variable condition calls for an impossible 111.. However,
there may be a way to couple the improvements offered by deformation
restraint testing to the speed and cost effectiveness of some of the
field tests through statistical theory.

A requirement for including variability in reliability analysis

is parameters consistent with prediction techniques. Also, logical
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analysis of performance is not th;ough statistical analysis of
parameters, but of performance factofs such as load capacity or settle-
ment. Defining perfqrmance factors is ﬁhe value of deformation restraint
testing. 'On the other hand, field tests such as the cone penetrometer,
wave velocity measurements, vane shear tesﬁ, or pocket penetrometer have
the potential of providing sufficient amounts of data to allow an
evaluation of variability, but the results of these tests are usuaily
incompatible with prediction theories. Thus, the proposed scheme invoives
taking advantage of the strengths of both types of tests.

Figure 48 is a graphic representation of a statisticalAtechnique
of derived distributions. The mathematical details will not be presented
here, but they can be found in reference 51 If a probability distribution
function (pdf) can be defined for one variate, x, apd if a functional ‘
relation exists between x and a second varlate, y, it is then possible
to define the probability distribution function via a y = g(x) trans-
formation for the second variate. Application to geotéchnical problems
would involve defining the pdf for x with a simple fast test. Such
data are represented by the dots under the fx(x) curve in Figure 48 and
provide a statement about variability in terms of meaningless param-
meters. The second step would involve selecting equivalent specimens at
various x positions under the fx(x) pdf curve and perfonmthé
appropriate test allowing definition of desired prediction variate.
Examples of this are ultimate load or settlement. For bearing capacity

analysis, deformation restraint tests would be ideal because they
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Figure 48. Derived distribution (after Box, Hunter and Hunter (5))
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provide both ¢ and ¢ from a single specimen. Bearing capacities could
be completely defined from a single specimen and several tests are
possible. The value of deformation restraint tests to settlement pre-
diction could be better accuracy at about the same expense as oedometer
testing. The third step in the analysis would be definition of the
function y = g(x) through curve fitting which allows definition of the

desired fy(y) pdf, useful to reliability analysis.
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APPENDIX A: FLOW RULE DEVELOPMENT

The following development is taken from reference 53 and represents
a formalization of Drucker's (17) original work which leads to equation
13.

Drucker's concept of material stability means that work done by
stress increments épplied to a soil element is positive. Mathematically

this can be stated as

do,.  de,. > 0 (1a)

If stress increments are removed, the net work performed during an un-
load cycle must also be zero or positive. This statement insures
that energy is not created and can be expressed as |
T E P
dcij dei. - doij dsij= dcij deijz 0 | (2a)

where the superscripts T, E, and P represent total, elastic, and plastic
strains. A physical interpretation of Drucker's stable material is ome
having stress—strain properties displaying no decrease in stress after
the ultimate sfrength is reached (i.e. branch 2 in Figure 2). .This
restriction 1s probably invalid for sensitive or strain softening soils.

For an ideal plastic soll, defined as one having stress-strain
charaqteriétics following branch 1 in Figure 2, the yield function or

surface f is fixed in stress space and plastic flow occurs when f = k.
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k is a material constant defining the onset of yield. Thus,during plastic
deformation the yield function cannot change which means
of
df = -— do,, =0 (3a)
Boij ij .
The stability condition occurring during plastic yield or along branch

1 of Figure 2 can be written as

P

do,,de =0 ' (4a)
ij 13

Since equations 3a and 4a are both identical to zero

de,, = A = (5a)

A Introduced as a positive scalar factor of proportionality, dependent
on the specific form of the yield function. Total strains can then be

written as the sum of elastic and plastic components as

T o, .
_l1+v v 915’
deij =3 Gij 5 Jlsij + A acij (6a)

Equation 5a is known as the plastic potential while equation 6a represents
a donstitutive law for a material which deforms elastically until yield; .
whereupon, increments of plastic deformations are summed to the pre-

existing elastic components.
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APPENDIX B: BETA-DISTRIBUTION

The following describes a methodology developed by Harr (28) to
define the parameters in the beta-distribution. The general form of

the beta-distribution for the random variable,.Q, is

1 ’ Q - a0 ,b - Q.B ,
)~ ¢ ) (1b)
(b-a)Blo+1,B+1) P~& Db-a

£(Q) =
cf. Harr (28)

where 0 and B are parameters defining the shabe of tﬁe distribution, a
is the lower limit for the random variable and b is the upper limit.

The function B(av+ 1, B + 1) depends on the gamma function according to

T +1) T (B + 1)
T(a + B + 2)

B(oo+ 1, B +1) =

cf. Harr (28) (2b)

Thus,it can be seen that defining the be;a—distribution means evaluating
the four parameters o, B, a and b.

To establish the bounds for the distribution, Harr suggests using
Chebyshev's inequality which states that for a fandom variable, Q,
with an expected value, 6, and a finite standard deviation, Sq, the
probability that Q takes on values outside the interval, 6 - hSq/VﬁiFo
Q+ hSq//E can never be greater than 4/9h2. Mathemétically this state-

ment can be expressed as
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P[@-hsS //a)<Q< (@+hs /m]>1-—% (3b)
q q - hz

cf. Harr (28)

where h is a'parameter'and n is the number of samples.

Equation 3b is a powerful tool in that its derivation is independent
of the frequency distribution form. Harr's application’of equation 3a
for determining the bounds a and b ;nvolves setting very rigorous
standards for the inequality which makes it unlikely that a Q will fall
outside the established limits. To find a and b for the example used
in this research, a 99 percent'chance that a and b contaihs Q was used.

Thus, the following computations can be made:

1- —5‘5 = 0.99
9h
h = 6.67

h/vn = 6.67/V5 = 3

o]
n
o
'
W
)
e
n

322 - 3(80) = 82

o
i
o
+
w
)
S
i

322 + 3(80) = 562

The parameters defining the shape of the distribution can be
determined by matching moments of the experimental data with those of

the continuous distribution. This results in the following relations:
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- 2
=3

o= ——5 G - &Y of, parr (29) (4b)
3 b-a
b - a

B=E=2 (@+1) - (0+2) cf. Harr (28) (5b)
Q- a

Using the mean and standard deviation from the. experimental data and

"the computed values for a and b, in equations 4b and 5b results in:

0. = B means the experimental data indicates a symmetric distribution.
Thus ,the four parameters needed in equation 1b have been defined and

the probébility distribution function used in this example is:

£(Q) = 2.385 x 10~/ (q - 82)° (562 - @3 (6b)
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